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ABSTRACT: We deconstruct the fifth dimension of 5D SCQD with general numbers of
colors and flavors and general 5D Chern-Simons level; the latter is adjusted by adding
extra quarks to the 4D quiver. We use deconstruction as a non-stringy UV completion of
the quantum 5D theory; to prove its usefulness, we compute quantum corrections to the
SQCD5’s prepotential. We also explore the moduli/parameter space of the deconstructed
SQCDj5 and show that for |kes| < ne.— %nf it continues to negative values of 1/g§d. In many
cases there are flop transitions connecting SQCDj5 to exotic 5D theories such as Fy, and
we present several examples of such transitions. We compare deconstruction to brane-web
engineering of the same SQCDj5 and show that the phase diagram is the same in both cases;
indeed, the two UV completions are in the same universality class, although they are not
dual to each other. Hence, the phase structure of an SQCDj5 (and presumably any other
5D gauge theory) is inherently five-dimensional and does not depends on a UV completion.

KEYWORDS: [Field Theories in Higher Dimensions, Supersymmetry and Duality, String
[Duality, Lattice Gauge Field Theoried.

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep032007092 /jhep032007092 . pdf


mailto:edodin@physics.unc.edu
mailto:vadim@physics.utexas.edu
http://jhep.sissa.it/stdsearch
http://jhep.sissa.it/stdsearch

Contents

Introduction

~ =
=

Semiclassical (de)construction

& @

On Chern-Simons couplings and extra 4D flavors

=

Quantum deconstruction of the gauge couplings

o =
&

Quantum baryonic branches

=

SU(2) examples of phase structures and flop transitions
6. The 50 model: n, =2, ny =0, AF =1

B3 The Dy model: n. =2, ny =0, AF =2

Models with flavor: n. =mny = 2

EEREE

&

. Deconstruction/string universality

1. Introduction

Motivation. Five-dimensional N' = 1 SUSY gauge theories appear to be well under-
stood. Indeed, constraints due to 8 supersymmetries combined with gauge invariance are
so powerful that many low-energy properties of the theory — such as geometry of its mod-
uli space — can be calculated exactly [fl, f]. But all such calculations presume that SUSY
and gauge invariance persist on the quantum level of the 5D theory. In other words, all our
knowledge assumes some kind of a UV completion which keeps these symmetries manifest.

In 5D all interactive field theories are non-renormalizable, so 4D-style perturbative
UV cutoffs such as DR or covariant higher-derivative terms are of no use. Instead, most
research into 5D gauge theories embeds them into string or M theory as a UV completion.
For example, one may (1) compactify M theory on a singular Calabi-Yau threefold [B—
fl, or (2) make a web of (p,q) five-branes in type IIB string theory [§—[J], or (3) put
D4-brane probes of type ITA string in a background of D8 branes and O8 orientifold
planes [, {3, B]. In such completions, one may use the full power of string/M theory to
derive the global geometry of the 5D moduli space, including ‘flop’ transition to different 5D
phases, sometimes involving strongly-coupled sectors with non-trivial IR fixed points [[L4].
But unfortunately, in string context it is hard to tell whether all these phases are made
of the same QFT-level degrees of freedom, or whether they follow from different sectors of
the string theory. In other words, we don’t know if the whole phase diagram is an inherent



property of the 5D gauge theory (regardless of a UV regulator), or if some phases are
artefacts of embedding into string theory.

To resolve this issue, we need to compare phase structures of different UV completions
of the same 5D theory. Since all ‘stringy’ completions are dual to each other as string/M
theories, there is no use in comparing them to each other. Thus we need a non-stringy
regulator such as lattice. But the Euclidean 5D lattice breaks SUSY; also, it’s hard to
latticize the Chern-Simons interactions of the gauge fields. Instead, we shall use a lattice /
continuum hybrid known as dimensional deconstruction [@,@] 4 dimensions out of five
remain continuous while the fifth dimension becomes discrete.

In an earlier article [2(], we have used deconstruction as a UV completion of 5D SYM
theories with maximal Chern-Simons levels k. = n.. In this article we extend this method
to SQCDs5 with general numbers of colors and flavors and all allowed Chern-Simons levels.
Our main results are as follows: (1) We develop the quantum aspects of deconstruction
technology. In particular, we show how to convert the exact non-perturbative data (which
obtain at the 4D level of deconstructed theories) into the 5D moduli dependence of gauge
couplings, and hence into 5D phase structures. (2) We prove universality of SQCDj5 phase
diagrams: for any choice of n., ny, and ke, the deconstructed SQCDs and the string
embedding of the same 5D theory are in the same universality class and have identical
phase diagrams. This strongly suggests that other UV regulators are also in the same
universality class and hence the phase diagrams are inherent properties of the 5D theories.

Overview of 5D SQCD. Now that we have made out intentions clear, let us briefly
introduce two subjects that may be unfamiliar to some readers, namely the SQCD in 5D,
and the dimensional deconstruction. We start with the the basic features of 5D gauge the-
ories with A =1 SUSY (which in five dimensions means 8 rather than 4 supercharges) [£].
First of all, there are two kinds of supermultiplets, vector and hyper: a vector multiplet
contains a gauge field A, a Dirac fermion (4 complex components), and a real scalar; a
hyper multiplet contains a Dirac fermion and two complex (or 4 real) scalars. In SQCDs,
n2 — 1 vectors form an adjoint representation of SU(n.) gauge group while n # X n. hypers
form ny fundamental representations n.. Note that there are no separate quark and anti-
quark multiplets; instead, a single n¢ of hypermultiplets contains both the quark and the
antiquark (as well as two squarks and two antisquarks). All Yukawa and scalar couplings
of a 5D N = 1 theory are related by SUSY to the gauge coupling g5; unlike in 4D, there
is no independent superpotential. Instead, in 5D there are Chern-Simons interactions of
gauge fields and their superpartners,

” '
Lcs = ;4“2 tr(ANFAF — LANANANF — L ANANANANA)
7T
(1.1)
k
+ 802 tr (PF,, F*) + fermionic terms
7T

where ® is the adjoint scalar field. To assure gauge invariance of the path integral, the

coefficient ks (also known as the Chern-Simons level) is quantized: in SYMjs or SQCDs
with an even number of flavors, ks must be integer; SQCDs5 with an odd n; needs a
half-integer ks [[ll].



The vacuum states of 5D N = 1 theories form continuous families parametrized by
two kinds of moduli: the Coulomb moduli control the adjoint scalar VEV (®) while the
Higgs moduli control the squark VEVs. Because these scalars belong to different kinds of
supermultiplets (vector versus hyper), the two kinds of moduli do not intermix. That is, the
local geometry of the moduli space factorizes into separate Coulomb and Higgs subspaces.
The global geometry is more complicated because non-zero squark VEVs require some
tuning of the Coulomb moduli and quark masses my. Consequently, the overall moduli
space has several branches, each with its own Higgs and Coulomb subspaces: the Coulomb
branch with n. — 1 independent Coulomb moduli but no Higgs moduli at all; the mesonic
branches where some Coulomb moduli are fixed to allow some squark VEVS and hence
Higgs moduli; and the baryonic branches where all Coulomb moduli are fixed. But in all
branches, the Coulomb and the Higgs moduli are completely separated by SUSY.

Provided the UV completion of the quantum theory is manifestly supersymmetric, the
separation between the Higgs and the Coulomb moduli remains exact. Also, there are no
quantum corrections — perturbative or non-perturbative — to the classical geometry of
the Higgs moduli space. This follows from promoting the gauge coupling to a background
field [RT]: to do it in a supersymmetric manner, 1/ gg must be the scalar member of a vector
multiplet and therefore cannot affect the Higgs space geometry [RZ. As for the Coulomb
moduli space geometry, the quantum corrections stop at the one-loop level. In terms of
the prepotential,

F = ftree + fl—loop ) exactly, (12)
and there are no further perturbative or non-perturbative corrections [f[]. For SQCDs,
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where the Coulomb moduli ¢; ..., ¢, are eigenvalues of the adjoint scalar’s VEV (®). For
generic values of these moduli the gauge group SU(n,.) is broken to its Cartan subgroup
U(1)"~!, and the gauge coupling matrix for the abelian fields follows from the prepotential

1 moduli OPF
[_2} - < i ) - i 2 ( 1 . 5)
951 metric / 0¢; 0¢;

ij
This matrix must be positive-definite for all values of the moduli ¢;, which restricts the
discrete parameters of SQCDj to [

according to

ny
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‘ CS‘ —"_ 2 — nC or nC - Y (1.6)

nyg <7 for n, = 2.

The abelian gauge fields have Chern-Simons interactions with each other:
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Gauge invariance requires the coefficients Kj;;; to be integer, and this restricts the prepo-
tential so much that there are no quantum corrections beyond the one-loop level.

Finally, a point of terminology. In this article, we distinguish between the parameters
of a 5D theory (such as the gauge coupling and the quark masses) and the dynamical
moduli of the theory’s vacua (such as the eigenvalues ¢; or the Higgs moduli of squark
VEVs). However, the phase diagram of the theory involves both the parameters and the
moduli; for example, in §6.1 we shall see that an SU(2) SYM theory has a phase transition
at (872/g2) = —¢ rather than at (872/g2) = 0. Consequently, when appropriate we shall
put the parameters and the moduli into a combined parameter/moduli space.

Overview of deconstruction. And now we turn to the dimensional deconstruction.
Most generally, the deconstruction relates simple gauge theories in spaces of higher di-
mension to more complicated theories in fewer dimensions of space: The extra dimen-
sions of space are ‘deconstructed’ into quiver diagrams of the ‘theory space’ ([, [f]. In
simple cases, deconstruction is a three-step procedure: First, one discretizes the extra
dimension(s) — say, the x* space coordinate of a 4 4+ 1 dimensional theory — into a lat-
tice of small but finite spacing a. On this lattice, the Ag 123 components of the gauge
field reside on lattice nodes, while the A4 component is realized via unitary matrices
U, = path-ordered exp <z az(£+1)A4 dac4> residing on links. Second, one reinterprets the
lattice as a quiver diagram describing a complicated 4D field theory with a large number
of gauge group factors (one per lattice site) with equal couplings gé(f) = g4 = g5/+/a. The
link variables Uy become 4D non-linear sigma models €y with F; = 1/(ag4) and transform-
ing in bi-fundamental representations (g, [y41) of the gauge group [[,SU(n),. Finally,
one adds degrees of freedom to make the theory renormalizable in 4D; this includes pro-
moting non-linear sigma models §2, to linear sigma models, or perhaps realizing them as
techni-pions of some kind of technicolor (with a separate technicolor group for each €y).
The resulting 4D gauge theory can often be summarized by a quiver diagram — hence the
name quiver theory — for example

>e—y
o".. o\x ° color group factor
Z j o technicolor group factor (1.8)
/ ——> techniquark or antiquark

~—g—"

for the 5D YM theory deconstructed in [[5]. In order to have a finite number of 4D fields,
the quiver should have a finite size L — in 5D terms, this means that the deconstructed

dimension x*

is also compactified on a large circle of length 2rR = La — but eventually
one may take the L — oo limit and recover the uncompactified 5D physics. In this limit,
the lattice spacing a remains finite and serves as the UV regulator: For energies F < (1/a)

the physics is 5D but for F 2 (1/a) it becomes 4D.



Dimensional deconstruction of supersymmetric theories breaks half of supercharges for
every discretized dimension [[L9, Rd]; in particular, for A" = 1 theories in 5D, deconstructing
one dimension breaks 4 out of 8 supercharges. Fortunately, the 4 supercharges which remain
unbroken act as custodial symmetries of the complete 5D SUSY in the low-energy effective
theory. Indeed, for E < (1/a) the fifth dimension is effectively continuous, and if the
effective 5D theory happen to have SO(4,1) Lorentz symmetry as well as any SUSY at
all, then it must have the complete 5D SUSY algebra with all 8 supercharges. This is not
as easy as it sounds because the SO(4, 1) Lorentz symmetry of the continuum limit is far
from automatic in partially latticized theories. Instead, one often needs to fine-tune the
lattice action (i.e., the 4D Lagrangian of the quiver theory) to make sure that all light
particle species have the same light speed in the discretized direction. However, once this
is achieved, the recovery of all 8 supercharges in the 5D continuum limit is automatic [[[9].

From the 4D point of view, the quiver theory has 4 exact supercharges, which means
that some properties of the theory are holomorphic and can be calculated exactly, including
all the non-perturbative effects. Such properties include the phase structure of the theory,
and also the moduli-dependent gauge couplings for the massless vector fields. The basic
idea of quantum deconstruction is to interpret these data in 5D terms; this allows practical
use of the dimensional deconstruction as a UV completion of quantum 5D theories.

Outline. This article is organized as follows. In the next section (§2) we deconstruct
SQCDs5 with quarks at the semiclassical level of analysis. Instead of following the 3-
step procedure outlined above — discretize, re-interpret, and make renormalizable — we
work in reverse. That is, we start with a quiver diagram, build a corresponding 4D,
N =1, [SU(n.)]" gauge theory, and then show that it indeed deconstructs the 5D SQCD.
Specifically, we verify that the classical vacua of the 4D quiver theory correspond to the
classical vacua of the 5D SQCD, and for each vacuum, the spectrum of light 4D particles
agrees with the Kaluza-Klein reduction (on a latticized circle of length 2rR = La) of the
5D gluons, quarks and their superpartners.

In §3 we deconstruct the Chern-Simons interactions of the 5D gauge fields. We show
how to control the Chern-Simons level k. by adding extra quark flavors to the 4D theory.
The extra flavors do not have any light modes and thus do not deconstruct any 5D par-
ticles; instead, they decouple at the 5D threshold E = (1/a). But integrating out those
quarks leaves behind quantum corrections to the low-energy Lagrangian; in 5D terms, such
corrections lower ke by the number AF of extra flavors. Altogether, we end up with
F =ny + AF 4D flavors where ny is the number of 5D flavors, and AF' is used to set

kes = ne — L _AF. (1.9)

Interestingly, the values of k. which may be deconstructed in this way are precisely the
values allowed by eq. ([[.6).

In §4 we deconstruct the 5D gauge coupling and their moduli dependence. We start
with the Coulomb phase of the 4D quiver where the massless gauge bosons belong to
[U()]"~! C diag [SU(n.)*] B4]); the couplings of these abelian bosons are encoded in



a hyperelliptic spectral curve, which was computed in [R§].! This curve has moduli and
parameters, and our first task is to map them to 5D moduli ¢; and parameters my and
h = (87%/g2). Then, we take the decompactification limit L — oo while all the moduli
and parameters remain fixed. In this limit, the spectral curve simplifies (as long as g5 is
weak enough), which helps us to evaluate the abelian gauge coupling matrix 7;;. We find
that Tm7;; = La x a finite matrix [4mgs 2(¢)];;, which we interpret as the deconstructed
5D abelian coupling matrix; this corresponds to 4D massless fields being zero modes of the
5D fields compactified on a circle of length 27 R = La.

Although the 4D quiver theory has only 4 supercharges, the deconstructed 5D gauge
couplings are consistent with a prepotential, which confirms SUSY enhancement to 8 su-
percharges in the continuum 5D limit. Moreover, the prepotential turns out exactly as in
egs. (.9)—([L.4), which shows that dimensional deconstruction indeed works at the quantum
level: the 5D loop corrections follow from loop and instantonic corrections in 4D (see also
B3).

The deconstructed tree-level 5D coupling h = (872/g2) is also affected by the 4D
quantum corrections. We find that the allowed range of h depends on the Chern-Simons
level of the deconstructed SQCDs: For ks = +(n. — %n #), h runs from +oo down to a
finite lower limit Apin = i% > £ but for other values of k. there is no lower limit and
h can take any value between 4+0o and —oc. The negative values of h do not make sense
in terms of ordinary SQCDs; instead, they corresponds to exotic strongly-coupled phases
of the 5D theory [B, F.

In §5, we discuss quantum corrections to baryonic Higgs branches of the deconstructed
SQCDs5 (The corrections are to the Coulomb moduli and parameters of such branches
rather than to the Higgs moduli). We also find that 5D theories with |kes| < (nf/2) have
exotic Higgs branches at strong coupling: the h parameter must be fixed at h = h; where
hy = O(my) < (1/a). In particular, SYM theories (ny = 0) with ks = 0 have exotic
Higgs branches at h = 0. The physical nature of the exotic Higgs branches is unclear from
the 5D point of view, but in 4D they are simply baryonic branches which involve some of
the AF extra quark flavors. At weak coupling, these quarks are heavy (mass = O(1/a))
and decouple from the 5D physics, but in the strongly coupled quiver they develop zero
modes, hence a baryonic branch for h = hy < (1/a). String/M implementations of 5D
SYM with |kes| < (nf/2) have similar exotic Higgs branches [f] at fixed h = hy(my), and
their physical nature is just as unclear from the 5D QFT point of view as in dimensional
deconstruction.

In §6 we present four examples of deconstructed SQCDj5 theories and study their h < 0
phases. For h < 0, the 4D theory is strongly coupled at the 4D — 5D threshold F = (1/a),
but thanks to unbroken N' =1 SUSY, the spectral curve of the quiver is exactly calculable
despite the strong coupling. This allows us to deconstruct the A < 0 regime of the 5D
theory just as easily as the weakly-coupled h > 0 regime. Sometimes, the two regimes are
separated by a phase transition: Although in 4D there is only one Coulomb phase because

n @]7 we studied the [SU(n.)]* quiver theory from the 4D point of view. We analyzed the quiver’s
chiral ring, which summarizes its exactly calculable holomorphic data. In this paper, we use these data to
obtain the 5D properties of the deconstructed SQCDs.



the spectral curve is holomorphic, the decompactification limit L — oo of the spectral
curve may be different for A < 0 than for A > 0, and that leads to different phases in 5D.

For simplicity, all our examples have n. = 2. The first example (§6.1) has ny = 0
and AF = 1 while the second example (§6.2) has ny = 0 and AF = 2. For h > 0, they
deconstruct SYM theories with different 5D vacuum angles (6 = 7 for AF =1 and § =0
for AF = 2). But the h < 0 regimes of the two models are very different: the AF =1
model has two distinct Coulomb phases — the SYM phase and the Ej phase — separated
by a flop transition, while the AF' = 2 model has only one Coulomb phase, but it also has
an exotic Higgs branch.

In §6.3 we present two more SU(2) models, this time with ny = 2 and AF =0 or 1.
For simplicity, we restrict our analysis to equal quark masses (modulo sign) for the two 5D
flavors. Nevertheless, we find several distinct phases, both Coulomb and Higgs.

All 4 models are presented in much detail, which makes for a rather looong section §6.
But the main result can be stated in once sentence: in all examples, the deconstructed
SQCDs5 has exactly the same phase diagram as the string-theoretical UV completion of the
same 5D theory. The readers who are not interested in technical details may skim this

section and focus only on the phase diagrams themselves: they appear on pages §, i,
B4-59, 6, 62, and B4.

Finally, in §7 we show that for all n., ny, and ke, the deconstructed SQCDs and the
string-theoretical implementation of the same 5D theory via a brane web are always in the
same universality class. In particular, they always have similar phase diagrams and similar
prepotentials F(p1, ..., on.; h;yma,. .. ,mnf). However, the two UV completions are not
dual to each other and become dissimilar outside of the zero-energy limit.

Instead, the 5D universality between deconstruction and brane webs is similar to the
4D universality between SQCD and MQCD [R6-R§. In fact, our proof is based on the
4D universality: We start with deconstructed SQCDs, treat it as a 4D [SU(n.)]Y quiver
theory, and take its M-theory counterpart — the M5 brane spanning the 4D Minkowski
space times the quiver’s spectral curve. This M theory is not dual to the deconstructed
SQCDs5, but it’s in the same universality class.

And then we show that the La — oo limit of the M5 brane is dual to a type IIB (p, q)
5-brane web, and moreover this web implements the very SQCDs5 we have started from.
And since duality implies universality (but not the other way around), it follows that the
brane web is in the same universality class as the deconstructed theory; but they are not
dual to each other.

To summarise, in this paper we show how to use dimensional deconstruction as a
UV completion of a 5D SUSY gauge theory such as SQCDs. We show how to extract
5D quantum effects such as loop corrections to the prepotential from the 4D loop and
instantonic effects — which can be calculated exactly thanks to the unbroken N' =1 SUSY
in 4D. We show how to deconstruct the 5D phase diagrams, including the non-classical
h < 0 phases. And we show that at the end of the day, the dimensional deconstruction is
in the same universality class as string-theoretical UV completions of the same 5D theory.



2. Semiclassical (de)construction

In this section, we perform a reverse deconstruction — at the semiclassical level of analysis
— of SQCDj5 with arbitrary numbers of colors and flavors. That is, we start with a quiver
diagram, build a 4D AN = 1 gauge theory, and then show that it indeed deconstructs the
5D SQCD. Specifically, we verify that the classical vacua of the 4D quiver theory correspond
to the classical vacua of the 5D SQCD, and for each vacuum, the spectrum of light 4D
particles agrees with the Kaluza-Klein reduction (on a latticized circle of length 27 R = La)
of the 5D gluons, quarks and their superpartners.
We start with quiver diagrams of general form

Physically, each green circle of this diagram corresponds to a simple SU(n.), factor of the
net 4D gauge group

L
Gip = [[SU(ne), (2.2)

(=1

while the red and blue arrows denote the chiral superfields:

§}quarks Q{ = Oy, f
g}antiquarks @{ = (»y), f=

———— bi-fundamental link fields 2, = (Oy41,Hy),

,...,nf,
RPN ,nf, (23)



where £ = 1,2,..., L is understood modulo quiver size L. From the 4D point of view, L
is a fixed parameter of the theory, but for the deconstruction purposes we must later take
the L — oo limit in order to recover the un-compactified 5D physics.

Similar to many other deconstructed theories, the quiver (2.]) can be obtained by
orbifolding a 4D theory with a much larger but simple gauge group and higher SUSY,
namely ' = 2 SQCD with L x n. colors (but only n flavors) 9, Bd]: A Z, twist removes
the extra supercharges and reduces the gauge symmetry from SU(L x n.) down to

S([U(ne)]*) = [SU(nc)]" > [U@)]*". (2.4)

However, the abelian photons of the orbifold theory suffer from triangular anomalies and
therefore must be removed from the effective low-energy theory. In string orbifolds such
removal is usually accomplished via the Green-Schwarz terms [BI, BJ], but at the field
theory level we simply discard the abelian factors of the orbifolded symmetry (R.4) and
interpret the nodes (green circles) of the quiver diagram (P.1) as purely non-abelian SU(n..),
factors.

To complete the 4D quiver theory we must define its tree-level couplings. The orbifold-
ing procedure gives us two types of couplings inherited from the ‘original’ N’ = 2 SQCD,
namely the same gauge coupling g, = g for all the SU(n.), factors of the quiver, and the
Yukawa coupling v of the “hopping” superpotential

n

L f » "
Wiop = 7DD (@ 20Q] — u0lQ)) (2.5)

(=1 f=1

which makes the quark fields propagate in the discretized 2* direction. Classically v = g¢
because of N/ = 2 SUSY of the “mother theory”; in lattice terms, this equality assures that
the quarks and the gluons have equal light speeds. Besides the couplings, we also have
quark masses p £ Formally, we may derive them from the orbifolded 5D quark masses, but
we shall see momentarily that the relation between the 4D and the 5D quark masses of the
deconstructed theory is more complicated.

Finally, to make the deconstruction work, we need the O’Raifeartaigh superpotential

L
Wy = ﬁZSZ X <det(QZ) - v"c> (2.6)

=1
where s, are singlet fields (one for each ¢ = 1,2,...,L) not shown on the quiver dia-

gram (R.I]). These singlets and the O’Raifeartaigh terms (2.6) do not follow from the
orbifolding: We simply add them by hand at the same time as we remove the abelian
factors from the orbifolded gauge group (R.4). The purpose of this modification is to turn
each bi-linear link field €y into an SL(n., C) linear sigma model where on-shell

Ne

det(2y) = v™ = const. (2.7)

Note that SL(n., C) is the complexified SU(n.) group manifold, and this is precisely what
we want for the link variables of a supersymmetric SU(n.) gauge theory on the lattice. In



5D terms,

a(f+1)
Q(x) = vx exp /dx4<iA4(:c) —{—gb(:ﬂ)) + fermionic terms (2.8)
Path
ordered al

where ¢(x) is the scalar superpartner of the 5D vector field A, (z), p =0,1,2,3,4.

Having defined the 4D quiver theory, we must now verify that it indeed deconstructs
the 5D SQCD. At the semi-classical level of analysis of this section, this means verifying
that: (A) the vacuum field configurations of the 5D and the 4D theory correspond to each
other according to the field map (R.§), and (B) for each vacuum, the spectrum of light 4D
particles follows from the Kaluza-Klein reduction of the 5D particles on a latticized circle
of length 27 R = La [[[§, [[]. That is, for each 5D quark or gluon (or a superpartner) we
must have a series of L 4D particles with similar quantum numbers and 4D masses given
by

M} = m} + P? + O(am,d*P},...) (2.9)

where ok
P = Li + po, k=0,1,2,... mod L (2.10)

a

is the quantized momentum in the 24 direction; the quantization shift py allows for Wilson
lines, etc. Furthermore, all the light 4D particles (M4 < (1/a)) must belong to such
Kaluza-Klein series, although the heavy 4D particles (My 2 (1/a)) do not have to have 5D
counterparts.

We begin with the simplest 5D vacuum state with unbroken SU(n.) where all the
gluons are massless while the quarks have their bare masses m . According to the field
map (R.§), (#) = (44) = 0 in 5D translates to the 4D link field VEVs

(Q) = vxlnne (2.11)
which break the 4D gauge symmetry (R.J) down to the ‘diagonal’
SU(nc)giag = diag H SU(ne), (2.12)
¢
while the rest of the 4D vector fields acquire masses
k
M2(k) = g*v|? x 4sin® % (2.13)
This spectrum indeed matches eq. (B.9) for ms = 0, provided we identify the lattice spacing
as
1
a = —. (2.14)
glvl

Similarly, the quark mass spectrum also has deconstructive form for flavors with bare
4D masses p 5 near v. Indeed, consider the mass matrix for the quarks Q{ and the anti-

quarks @g of a fixed flavor f but all £ =1,..., L: The exact eigenvalues of this matrix are

given by
2

Mi(k) = [y* x v/ — " k=1,...,L, (2.15)

,10,



and for i, near v, this spectrum does have deconstructive form (B.9) where

ms = |yl — Jol, (2.16)
po = |yv| x arg(py/v), (2.17)
1
and a = — . (2.18)
|[yvl

Clearly, in order to satisfy both egs. (R.14) and (R.1§) we must have equal gauge
and Yukawa couplings ¢ = |y|. In a quantum theory, this means fine-tuning the non-
holomorphic Kéhler parameters of the quiver theory such that the renormalized physical
couplings satisfy

gphys = |Ylphys exactly, (2.19)

or in non-perturbative terms, in the very low energy limit F < v/L, the effective theory
(the diagonal SU(n.) with an adjoint field ® and several quark flavors) should be N = 2
supersymmetric. Without this condition the deconstructed theory would have quarks and
gluons with different effective speeds of light in the 2* direction. This is a common prob-
lem in lattice theories with some continuous dimensions (e.g. Hamiltonian lattice theories
with continuous time but discrete space), and the common solution is fine-tuning of the
lattice parameters. For the problem at hand, the fine tuning of the quiver theory involves
the Kéhler parameters (such as coefficients of the quarks’ and antiquarks’ kinetic-energy
Lagrangian terms) and does not affect any of the holomorphic properties of the quiver such
as its chiral ring. Consequently, in the following we shall simply assume that the couplings
are fine-tuned according to eq. (R.19) and focus on other issues.

Next, consider the Coulomb branch of the SQCD5 moduli space where the squarks have
zero VEVs but(¢) # 0. Generically, the (¢) matrix has n. distinct eigenvalues (¢1, ..., ¢n, ),
the SU(n.) gauge symmetry is broken down to its Cartan subgroup (U(1))"¢~!, and the
off-diagonal gluons G;; have masses

m5[Gij] = gbz - ¢j . (220)

At the same time, the quarks have color- and flavor-dependent masses
mslg"] = my — ¢ (2.:21)

Similarly, the 4D quiver theory has Coulomb branch vacua with zero squark VEVs but
non-trivial link VEVs () # v X 1,,.xpn.. Combining the D-term constraints for all the
SU(n.); gauge groups

QN — Q0 | x lpxn, Y, (2.22)

with the F-term constraints (R.7), we find that all the (€2,) matrices must be equal to
each other modulo an ¢-dependent gauge transform. Moreover, we may diagonalize all the
matrices at once and set

Ve (Qp) = v xdiag (e, e?? ... e%ne) (2.23)

— 11 —



for some complex numbers (1,2, ..., ¢n,) satisfying > . ¢; = 0. According to the field
map (P.§), this corresponds to the 5D VEVs

(¢) + i(AY) = diag(e1, 92, ¢n), (2.24)

i.e., ¢; = Rey; are the 5D scalar VEVs of the Coulomb branch while the Af = Im p; are
Wilson lines of the diagonal gauge fields around the compactified 2% dimension.

Generically, all the ; are distinct and the 4D gauge symmetry is broken all the way
down to the Cartan (U(l))ﬁf;gl subgroup of the diagonal SU(n.). The mass matrix of the
remaining 4D gauge fields has eigenvalues

2

ME[GE?] = ¢*v)? x e2mik/Loavi _ gae " (2.25)

and it is easy to see that for ¢;,¢; < (1/a) and |k| < L, this 4D spectrum has the
deconstructed form (R.9) where the lattice spacing a is exactly as in eq. (R.14), the 5D
mass

ms|Gi;] = Re(oi — ¢5) = ¢ — @5 (2.26)

is in perfect agreement with the 5D formula (.2(), and the P, quantization shift pg is
precisely the appropriate Wilson line

po[Gij] == Im(gpl- — SDj) = A;l — A;l (2.27)
At the same time, the 4D quarks have mass eigenvalues

. R X 2
MZ[Qz,kf)] _ |’7|2 x veka/Leagoi — | = 5 « 627rzk/L6agoi _ emy (228)

2 1
=3

where in the second equality we use eq. (R.1§) for the lattice spacing a and define complex
5D masses m ¥ according to

(2.29)

In the deconstruction limit, the real parts Re(mf) of these complex masses act as the
bare 5D quark masses, while their imaginary parts Im(m f) correspond to Wilson lines of
the flavor symmetries, cf. eq. (R.17). Indeed, if we restrict to m; < (1/a) (i.e., puy near
v), vi < (1/a) and |k| < L, then the quark mass spectrum (R.2§) has the deconstructed
form (P.9) where the 5D masses and the Wilson lines are exactly as for the Coulomb branch
of the SQCDs:

ms[Q™'] = Re(m; — ¢i) = Rem; — ¢, (2.30)

pol@™7] = Im(my — ;) = Imm; — A} (2.31)

Besides the Coulomb branch, the moduli space of SQCDs5 has mesonic Higgs branches

iff some of the quark masses are degenerate. On such branches, some squark fields have

non-zero VEVs, some of the ¢; eigenvalues are fixed, and the surviving gauge theory has

reduced rank r < (n. — 1). For example, for m; = mqy there is a mesonic Higgs branch

- 12 —



with non-zero squark VEVs <q£;f > for i =1 and f = 1,2; the hypermultiplet components
(indexed by «, 3) are constrained by the D-terms to satisfy

D' = i (") (a5")" + nlp(ad?) (g5 = 0 fort=1,2,3. (2.32)?

On this branch, the ¢; eigenvalue is frozen at ¢; = m1 = mo while the remaining eigen-
values ¢2, ..., ¢n, remain free (except for the >, ¢; = 0 constraint); for generic ¢a, ..., ¢,
the gauge symmetry is Higgsed down to (U(1))"~2 while the remaining gluons have masses

mi[Gy] = (¢i — ¢5)° + <5i,1 + i1 — =010, 1) Z\ . (2.33)

Likewise, the quiver theory has a mesonic Higgs branch whenever ,uj% = ,ujé, % 0.
Indeed, let puf = p& # 0 and let us freeze the (ve®1)l link eigenvalue at the same value,

or equivalently let

B 2miky 2miko
p1r = mi + Ta ~ ™ + Ta (2.34)

for some integers k1 and ky. At this point, the scalar potential has flat directions for the

squark and antisquark modes
<Qz,f> — e 2mikgt/L ] <@2f> = 2k, A=0/L S (2.35)

where non-zero Q*/ and @i’f are limited to ¢ = 1 and f = 1,2 only and satisfy F-term and
D-term constraints

SQYQY =0 SIQYE - 1QYP) = o, (2.36)
I I

These squark VEVs Higgs the (SU(n.))" gauge symmetry down to the (SU(n.—1))¥, which
is further broken by the link VEVs (€;) down to a subgroup of the diagonal SU(n. — 1).
For generic values of the un-frozen eigenvalues s, ..., 5., the unbroken gauge symmetry
is U(1)"~2, and all the remaining gauge fields have masses

. 2
MZ[G(k)] — 92’1)’2 x ‘e2mk/L WP _ AP

ij
b (b4 00— 2 i) x £ (1QE + @),
f

(2.37)

Clearly, this mesonic Higgs branch of the quiver theory deconstructs the similar branch
of the SQCDs: Its root (. e., the point where it connects to the Coulomb branch) is at the
same place Rep; = Rem; = Remsg, and the F/D term constraints (2.36) match the 5D
constraints (R.33) once we repackage

(@, QN = Vagy/. (2.38)

*In 5D, N = 1 SUSY there are three D terms forming a triplet of the SU(2) g symmetry. Consequently,
for any broken gauge symmetry there are three D-term constraints D, ¢+ = 1,2,3: The 77;5 matrices in
eq. () represent the action of the SU(2)r symmetry on the hypermultiplet components gq.
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(The factor y/a here translates between the 4D and the 5D canonical normalizations of the
quark fields.) Finally, the 4D mass spectrum (R.37) has the deconstructed form (R.9) where
the 5D masses are exactly as in eq. (2.3), provided we translate squark VEVs according
to eq. (2.39) and identify the 5D gauge coupling according to the classical deconstruction
formula [L19]

¢ = ag’. (2.39)

Further coincidences among the quark masses of SQCDj allows for richer mesonic
Higgs branches with more squark VEVs, more frozen ¢; eigenvalues (e.g., ¢1 = m; = ma,
¢2 = mg = my), and a lower rank of the unbroken gauge symmetry. The 4D quiver theory
with multiple coincidences among u]Lc has similar Higgs branches, and the deconstruction
works so similarly to the above that we don’t need to repeat the argument.

Instead, let us consider the baryonic Higgs branch which exists for n F = Ne when n.
of the quark masses add to zero, e.g., m; +mg + - --my, = 0. On this branch, the ¢ field
is completely frozen at ¢; = m; Vi = 1,...,n,, all the quarks with ¢ = f develop similar

VEVs
<qgf> = 0 X ga (2.40)

and the gauge symmetry is completely Higgsed down. The particle spectrum comprises a
single massless hypermultiplet ¢ (the baryonic modulus), n.(n ;e n.) short hypermultiplets
¢~/ with masses

mslg™] = ¢ — my = m; —my for f>mn. only, (2.41)
plus n2 — 1 long vector multiplets with masses

m3[Gyl = 38 lgal® + (6 — 6))*. (2.42)

The quiver theory also has a baryonic Higgs branch when n F2=Ne and the product of
some n. 4D masses equals to v". Indeed, let u¥ x pd x .- x ,uﬁc = vl™e or equivalently

my1 + ma+---my, =0, and let us freeze all the link eigenvalues at

2mik;
La

0 = m; + Vi=1,2,... ne. (2.43)

At this point, the quark mass matrix due to superpotential (R.5) has zero modes for all
1 = f, which allows non-zero VEVs

<Q2,f> — §if 5 e2mikit/L o', <@Zf> — §if i 2miki(1-0)/L éi’ (2.44)

subject to the D term constraints

same (|Q2 — |32 Vi, (2.45)
and the F-term constraints
ow s Bu™e (sg)
— = Q- —=L = 0. 2.4
o7 ~ 190 - ot = 0 (2.46)
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The simplest solutions to these constraints are either same Q* = Q Vi and @Z = 0 (baryonic
VEVs only), or vice verse same Q'=Q Viand Q' = 0 (antibaryonic VEVs only). But
thanks to the singlet fields s, enforcing the determinant constraints (2.7), there are other
solutions where both baryonic and antibaryonic VEVs are present at the same time while
(sg) = s # 0. In such solutions

Q' x Q' = const x e, (2.47)

and the color dependence of the right hand side goes away in the deconstruction limit of
p;i = m; < (1/a). Consequently, the squark VEVs become simply

<Qé’f> — g x 2R/l Q) <@2f> — gl 5 o2miki(1=0)/L @ (2.48)

for some arbitrary pair (Q,QV) of complex VEVs — which obviously deconstruct the 1
hypermultiplet VEV (q,) of the 5D theory.
Furthermore, all the gauge symmetries of the 4D quiver theory are Higgsed down and
the vector multiplets acquire masses
MG = g(QP +1QP) + gPfof? x [eXmH/bener — e (2.49)
~ P(IQP +1QF) + (6i—¢;)* + Pf (2:50)

where the approximation on the second line applies in the deconstructive limit where
wi,m;, Py < (1/a). These 4D masses are in obvious agreement with the 5D vector
masses (2:43), so all we need to check is the supermultiplet structure. In 4D A" =1 SUSY,
the Higgs mechanism eats one chiral multiplet for each vector multiplet which becomes

o
- ] - K
Q/, Q/ and Q) with similar charges. Meanwhile, the other two linear combinations of

massive, thus each G:.” vector eats one linear combination of the three chiral multiplets
these three multiplets acquire masses via the Yukawa couplings, and thanks to v = g and
i = m;, they end up with exactly the same masses (R.49) as the vector fields. Altogether,
this gives us complete N' = 2 massive long multiplets — or equivalently long 5D massive
vector multiplets reduced to 4D.

Finally, the remaining chiral fields of the quiver theory comprise a massless pair (Q, @)
which deconstructs the baryonic hypermultiplet modulus of the 5D theory, plus massive
quarks and antiquarks with flavors f > n.. These quarks have masses

. 2
Mé‘[ql(l})] = |yV|? x |e2mk/L gami _ pamy for f > n. only (2.51)
~ (mi — mf)2 + P? for mi,my, Py < (1/a) (2.52)

and clearly deconstructs the 5D short hypermultiplets g; y with masses (-47).

This completes our classical analysis of the deconstructed SQCDs5. At the quantum
level of the 4D quiver theory, calculating the mass spectra for various vacua of the theory
becomes much more difficult — indeed, the state-of-the-art N/ = 1 technology does not
allow for exact non-perturbative calculation of physical masses. Instead, our quantum
analysis of the deconstructed SQCDs will focus on the exactly calculable holomorphic
properties of the 4D theory such as the moduli dependence of its gauge couplings. We
shall return to this issue in section 4.
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3. On Chern-Simons couplings and extra 4D flavors

The quarks we have studied in the previous section were light compared to the lattice cutoff
of the deconstructed 5D theory: [m| < (1/a), hence according to eq. (29 iy~ v. From
the quiver point of view, there are no 4D restrictions on the bare quark masses and one
may freely add extra flavors with p > wvorpu, <wv. However, all such extra flavors are
very heavy from the 5D point of view (|lm;| 2 (1/a)) and decouple from the continuum
limit of the 5D theory. In fact, the extra flavors with u 7 > v decouple from the 4D quiver
theory above the deconstruction threshold, so there is really no point in considering them
any further. On the other hand, the extra flavors with u 5 < v are very much present at the
deconstruction threshold, and even though they ultimately decouple from the low-energy
5D theory, the 5D couplings receive quantum corrections from integrating out such extra
flavors. Specifically, the extra flavors affect the Chern-Simons level of the deconstructed
5D theory:

kes = ne — #{f Ky < U} - %#{f :U'f'\'v} (31)
The purpose of the present section is to prove this formula for n. > 3.

Let us start with a special case where all flavors have p §=0 and the quarks @, and
antiquarks @y at the same site £ uncouple from each other. Hence, there is no interaction
between different link fields €2, via quarks and antiquarks: Each €2, couples to the specific
pair of @, and QZ—H, and they don’t couple to any other link €2,. Therefore, we may treat
each link €, as a separate SU(n.) sigma model and calculate its Wess-Zumino interactions
without any concern for the other link fields .

The Wess-Zumino interactions are topological and they depend only on the way the
chiral fermion transform under symmetries of the sigma model. So let us focus on any par-
ticular sigma model £y and its chiral symmetry SU(n.)r, x SU(n.)r = SU(n¢)er1 X SU(ne) e
In component field formalism, the scalar field €2, has the following Yukawa couplings:

Lyvuawal Q] = gtr<Q}Ag+1\1/? - \II?AgQ}) + vt Q09) + BT U (TP,

+ H.c.,

B (3.2)
£Q+1’ \I’?, and U7 are the fermionic members
of the appropriate chiral multiplets. A right-hand symmetry U € SU(n.)g = SU(n.), acts

where Ay, Agy1 are the gauginos and the \I'?, U

on the Qy according to 0, — Q x UT, while the fermionic transformation rules follow from
the invariance of the Yukawa Lagrangian (B.4). Specifically,

vy — wiUT, A = UNUT, Mg = Mg
Q Q Q Q s s (3.3)
Ui, — 9o, vy — Uv/, U, — U,

From this symmetry’s point of view, the \Ilé2 amounts to n. species of antiquarks each
transforming according to 1; — 1[1 x U, while the \IIE’2 packs ny species of quarks each
transforming according to ¥ — U X t. For n. # n ¥ this is a chiral transform, hence the
Wess-Zumino action

Swz = kwz X /sz(Qg) (3.4)
R4
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where Qwy is the universal Wess-Zumino 4-form,? and
kwe = ne — ng. (3.5)

As explained in [B3, 0], the Wess-Zumino couplings of the link fields deconstruct the
Chern-Simons coupling of the 5D gauge fields: Let Qwz(Qe, A7, AZLI) be a gauged WZ 4-
form for the link field 2, and the (4D) gauge fields A} and A}, | under which it is charged;

then in the continuum 5D limit a — 0,

>y /QWZ(QZ,A;;,A;H) _ /QCS(A’;D) + 0(a) (3.6)
14 R4 R5
where
Qcs = 2412tr(A/\F/\F—%A/\A/\A/\F—l—loA/\A/\A/\A/\A) (3.7)
7

is the Chern-Simons 5-form. The coefficient kcs of the Chern-Simons coupling (B.6) is
quantized; in light of the above,

kes = kwz = ne — ny. (3.8)

Note that the effective low-energy theory in the 5D continuum limit is a pure SYM whereas
all the quarks which were present in the 4D theory have decoupled at the deconstruction
threshold E ~ (1/a). Nevertheless, thanks to those decoupled quarks, the Chern-Simons
level of the SYM theory is lowered from k. = n. for the quark-less quiver we have studied
in [0 down to kes = ne — ng.

The general case which allows ¥ # 0 is more complicated: The quark masses relate
fermions \I’lg2 and \1122 which couple to different sigma models, and we no longer have
isolated sigma models with separate Wess-Zumino couplings. Hence, instead of a direct
deconstruction of the 5D Chern-Simons coupling (B.7), we assume it exists at some level
kcs and calculate this level by taking the very-low-energy limit F < (1/La). In this limit,
the 5D theory is dimensionally reduced to 4D (without the Kaluza-Klein excitations), the
A* component of the vector field becomes a scalar, and the CS coupling becomes a field-
dependent set of © angles:

4D ikCSLa 4 7 4
£ = j{kCSQCS(AgD) = LE X T (AP AF) = o5 Y (keLaA) FAF (39)

4 i

T

where in the last equality here we have restricted the 4D gauge fields to the abelian F;
(i=1,2,...,nc >, F; = 0), which remain massless after the Wilson lines LaA’ break the
SU(n.) down to the U(1)" L.

3The name “Wess-Zumino form” is often used for the 5-form dQwz rather than the 4-form Qwy itself.
Unlike the 4-form, the 5-form is manifestly chirally symmetric, and it’s also a much simpler function of
the non-linear scalar field ©2,. The action (@) can be written in terms of the 5-form integrated over 5
dimensions: the ordinary four, plus an auxiliary fifth dimension. But that fifth dimension has absolutely
nothing to do with the deconstructed fifth dimension of the SQCDs, so to avoid dimensional confusion, we
use the 4D form of the Wess-Zumino action in this paper.
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From the quiver point of view, the
O; = kes X La A? (3.10)

are © angles which arise from the field-dependent masses of the charged fermions. The

Adler-Bardeen theorem provides an exact formula:

0, = —qu arg det (M) (3.11)
q

where ¢ is the array of abelian charges (q1, g2, . . ., gn.) and M, is the mass matrix of fermions
with the same charges ¢. Our task therefore is to evaluate this formula and show that the
O; angles indeed have form (B.1() for the Chern-Simons level ks specified in eq. (B.1)).

In the eigen-basis of the Wilson lines, the fermionic mass matrix pairs the quarks
(\I’KQ)i’f with the antiquarks (\I'éQ,)ivf and the gauginos (\¢)¥ with the link fermions (W$)7%:

clemion — NN My Q] x (UP)H (W)

if L0

+) D Mep[N] x ()7 (W5, (3.12)
ij 60
where M) ¢ [QH] = yve®i x Seprer — Yig X Oppr (3.13)
and M&gl [)\”] = (gve‘wi)* X 5g,g/+1 — (gve‘wﬂ')* X 6@75/ . (314)
The determinants of the mass matrices with respect to the quiver indices ¢, ¢ are completely
straightforward:

det M[Q"] = +4T (v exp(Lay;) — ,uJLc) , (3.15)
det M[)\ZJ] = (gt (exp(Layp;) — exp(Lcup;)). (3.16)

Taking into account the abelian charges of the gauginos, their combined contribution to

the ©; angle (B.11)) amounts to
[©dx = = arg (det M[AY] x det M) (3.17)
J#
Assuming for simplicity that the 5D scalar ¢; have zero VEVs and only the Wilson lines
break the SU(n.) — thus ¢; = Z'A? — we have

. g N .o La .
det M[AY] x det M[N] = 4(gv*)*F sin? 7(/1? — Aj) x exp(—iLa(A} + 4})), (3.18)

and therefore
[O:]x = Z (La(A} + A?) + 2Larg(v)) = n.x LaA} + const. (3.19)
J#i
Now consider the quark mass determinant (B.15). In the large L limit,

+ol exp(iLaA?)  when |v] > |1l

3.20
" when [o] < |11, (3.20)

det M[QH] ~ VL{
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hence the quark contribution to the ©; angle (B.11])

g l<[v] It > o]
@il = = > (LaA! + Larg(y)) — Y Larg(yuy)
7 7 (3.21)
= const — (LaA?) x #{f: \,uf] < |v|}.
Totaling the quark and the gaugino contributions, we arrive at
0; = kiy x (LaA}) + const, (3.22)
in full agreement with the dimensionally reduced Chern-Simons coupling (B.1() for
Ky = ne — 00 gl < ol). (3.23)

Although the above Chern-Simons level £/ is not quite as in eq. (B.1)), the discrepancy
involves only quarks with 4D masses p PR The problem lies in our taking the low-energy
limit too literally and hence integrating out any 4D fermionic mode which is not exactly
massless, including all of the quark modes. Consequently, the resulting Chern-Simons
level k., corresponds to the low-energy limit of the SQCDj5 from which all the quarks have
been integrated out. Thus,

kg = kes + Z%sign(Remf) (3.24)
!

where k¢g refers to the 5D theory which has light quarks only (the 5D masses |mf| <
Mmax < (1/a)), and only such light quarks appear in the 3 _,. In terms of the 4D masses

py = ve"™s (cf. eq. (2:29)), this means

ks = kes + g #{F + [0l < lpgl < [ol+mumacy — 5 #{F ¢+ [0l =1umax < |ug| < o]} (3.25)
Finally, comparing this formula to eq. (B.23) we arrive at

b = ne — #1071 Iyl < [0l = mmax} — S84 101 mamas < litg] < o]+ s} (3.26)

which is exactly what we have promised in eq. (B.J]) (but now have restated in a more
precise manner).

Eq. (B:2q) tells us that deconstructing SQCD5 with a given Chern-Simons level may
require more quark flavors in the 4D quiver theory then are present in 5D. To avoid no-
tational confusion, let n f henceforth refer to the number of 5D quark flavors with masses
|m| < (1/a) while F' denotes the total number of 4D flavors of the quiver. According to
eq. (B.24), we need

n
F = n; + AF where AF = n, — - — ke; (3.27)

for f =1,2,...,n; the 4D quark masses should be set to 1, = ve™f according to eq. (2.29),
but for f > ny we want p, < v; for simplicity, we let py =0 for f = (nf +1),...,F.
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Note that quantum consistency of SQCDg requires integer ks when n 7 is even but half-
integer ks when n, is odd. Also, positivity of the moduli-dependent gauge couplings (|L.9)—

([.3) for h > 0 requires

ny
kes| + 5 < e (3.28)

In terms of eq. (B-27), these rules translate to AF being a non-negative integer (good,
since otherwise deconstruction would be impossible) and F' < 2n.. Since each SU(n.)
gauge group of the quiver couples to the total of (n. + F) chiral fields in the ((J 4 O),
representation, this means that the quiver theory should be asymptotically free, or at least
asymptotically finite. This is good for the quiver as a UV completion of the 5D theory,
but it also means strong quantum corrections in the IR limit of the quiver theory. In §6,
we shall see that when such quantum corrections become strong enough, the deconstructed
SQCD5 may have a flop transition to a different 5D phase.

We conclude this section with a few words about SQCDs5 theories with only two col-
ors []. The SU(2) group does not have a cubic invariant, hence the 5D Chern-Simons
coupling does not exist for n. = 2. Instead, there is a Zy topological invariant and hence a
vacuum angle 6 which takes 2 discrete values 0 and 7 (modulo 27). It would be interesting
to deconstruct this vacuum angle directly from the quantum quiver theory, but here we
prefer a simpler derivation: Let us realize an SU(2) quiver theory with F' 4D flavors as
the mesonic Higgs branch of an SU(3) quiver with F' = F' + 2. This gives us two ways to
deconstruct the 5D theory with n, = 2: We may first deconstruct an SU(3) theory with
n'y = n;+2, then Higgs the 5D theory down to SU(2) (which eats up the two extra flavors),
hence

1 1
[Q]SU(Q) = T X [kCS]SU(S) = T X [n'c — in} — AF]SU({%) = T X [nc — 57’Lf — AF]SU(Q)
(3.29)
Alternatively, we may first Higgs the SU(3) down to SU(2) in 4D and deconstruct afterward,
but the end result should be the same, thus

forn.=2, 0 = mxAF — gx n; modulo 27. (3.30)

Note that for odd n s this angle takes values £ /2 instead of 0 or m, but this is OK since
the real vacuum angle obtains only after integration out of the 5D fermions, thus

0 =6 + g;sign(Remf): T X (AF + #{f:mf<0}> (3.31)

which indeed takes values 0 and 7 for any n £

Another peculiarity of the SQCD5 with n. = 2 is that it allows up to 7 quark flavors
instead of usual limit n, < 2n. for n, > 3. The SU(2) quiver theory however loses
asymptotic freedom and becomes UV-divergent and IR-trivial for n F >4 Consequently,
at the quantum level, the quiver (R.1)) fails to deconstruct SQCD5 with n, = 2 and ny =75,
6 or 7. We suspect such theories can be deconstructed in terms of more complicated quivers
and we hope to present them in a future publication, but in this article we shall henceforth
assume F' < 2n. even for n, = 2.
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4. Quantum deconstruction of the gauge couplings

The deconstructed SQCDs5 has only 4 exact supersymmetries, hence at the non-perturbative
level of analysis only the holomorphic features of the 4D quiver are exactly calculable.
From the deconstruction point of view, the most important holomorphic feature is the
moduli dependence of the abelian gauge couplings 7;;(¢) for the Coulomb branch of the
quiver’s moduli space. These couplings belong to the unbroken 4D gauge symmetry
(U(1)"~t C SU(nc)diag C [SU(n)]* which deconstructs the Kaluza-Klein reduction of
the unbroken 5D (U(1))"~!. The Kaluza-Klein circle has length 27 R = La, so in the large
quiver limit I — oo we should have

2

2rIm7ij(p) = [8—#]

3 = La X [ 8w
94(%0)

m} y + O(l). (4.1)

v

In this section, we shall see that this is indeed the case. Furthermore, the 5D gauge
couplings on the right hand side of eq. (f.1)) will turn out to be exactly as in eqgs. ([.9)-
([L.F) for the un-deconstructed 5D SQCD.

In a separate article [RJ we have analyzed the entire chiral ring of the 4D quiver
theory (R.1]); for the present purposes, let us simply state without proof the key results
which are relevant for the gauge couplings. First of all, the Seiberg-Witten spectral curve
of the quiver is the Riemann surface of the quadratic equation

Y2 - Y xP(X) + (-D)FaB(X) =0 (4.2)

where P(X) and B(X) are polynomials of respective degrees n. and F, and « is a con-
stant parametrizing the non-perturbative quantum effects. Specifically, « originates at the
diagonal instanton level of the [SU(n.)]* quiver, meaning one instanton of the diagonal
SU(n¢)diag gauge group, or equivalently, one instanton in each of the SU(n.), factor. For
F < 2n,,

a = ((—y)FazeT)” (4.3)
where A is the usual dimensional transmutant of the asymptotically free 4D gauge coupling
g (note same gy = g for all £ hence same Ay = A). In the asymptotically-flat case of F' = 2n,,

L
2
a & [72"Cexp(2m'7'UV)]L ~ [exp <i9 - 827T )] . (4.4)4

Iphys

4The second equality here follows from eq. () for the renormalized gauge and Yukawa couplings, and
the approximation is ignoring the threshold effects. Instead, we use the massless renormalization group
equations for the gren (E) and Yren (F) and then impose gren(F) = Yren(E) for some low-energy normalization
point E. In terms of the running kinetic energy factors Zo(E), Zg(FE) and Zg(E) for the charged fields,
the renormalized Yukawa and gauge couplings are given by

2
2 |7holomorphic|
ren E) = B
veenlB) = Z20E) Zo(B) 25 (F)
and
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As for the polynomials,

F s
BX) = [[(X = py) = X2 <[] (X = ny) (4.5)
f=1 f=1

parametrizes the bare 4D quark masses 7 of the theory, and

Ne

PX) = [[(X — =) (4.6)

i=1

parametrizes the Coulomb moduli space of the quiver. Since this space has only n. — 1
independent moduli, the roots w; of P(X) are subject to one constraint, namely

Ne
Hwi = Vine — const, (4.7)
i=1
where
vine — (pe)l 4 (vhe)E for (4.8)
o 4 ovpe =t and op x upe = AP (yun)(yue) - (yur). (4.9)
Qualitatively,
V = v, exactly, for AF > 0,

—_— (4.10)
but V.= v + O(A“"™") for AF = 0.

The gauge coupling matrix 7;; follows directly from the spectral curve (E2), but in
order to study its dependence on the deconstruction-appropriate moduli ¢; = ¢; + iA? we
must first define the ¢; in a gauge-invariant way. Classically, there is a simple definition in

terms of eigenvalues of the quiver-ordered product Q77 _1 - -- Q987 of the bi-fundamental
link fields:

eigenvalues [QLQL,l e QQQl] = <[ve‘w1]L [ve®2]E L [ve‘w”c]L> , (4.11)

cf. eq. (B:23). Equivalently, we may define the resolvent function and look for its poles:

def 1 cla e 1
TX) = Tr— = . 4.12
(X) "X T Qr--- ;X — [vexp(ap;)|~ ( )

872 > _exp(2rImTyv) x (E/cutoff)?"e ¥

Gren (E) % exp <g?en(E) (Za(E)™e (Zq(E) Zg(E))F

Substituting F' = 2n. and combining the two equations, we obtain

¥ Zne 82
<ﬂ> X exp <— 3 ) = !fyﬁgf exp(27‘r7’UV)|
Jren Gten

at all renormalization scales. Eq. (@) follows from this formula once we identify gphys = gren(F) and
Yphys = Vren(E) for some renormalization point E and apply eq. (.19).
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Unfortunately, in the quantum theory the resolvent is defined as

1 1
TX) = (Tr——— instead of Tr , 4.13
®) = (T =g @y G
and consequently it has branch cuts instead of poles; specifically,
_1\F
T(X) = Y . oxP — 21 a OxB | . (4.14)
Y VP?—4(-1)FaB P+ /P2 —4(-1)FaB

However, in the weak coupling limit A — 0, the branch cuts become very short and can be
approximated as poles located at the roots w; of the P(X) polynomial:

N

Ox P 1
A—0 B < P? TX)  —— =) —— 4.15
—0 = aB< P? = T(X) i ;X—wi’ (4.15)
which immediately suggests the definition
1 L/ e
i def —log T P(X) = H(X - vLexp(Lagpl-)). (4.16)
a v
i=1
Or rather "
1 L/, <
o ~log V‘;D L= P(X) = [[(X - VEexp(Lag;)) (4.17)
i=1

in order to map the quantum-corrected moduli constraint (f.4) onto classical-like trace
condition ), ¢; = 0.

Outside the week coupling limit, 7'(X) generally has branch cuts of finite length;
however, at a point where the Coulomb branch of the quiver’s moduli space joins a mesonic
Higgs branch, one of the branch cuts does degenerate into a pole. In terms of the Seiberg-
Witten spectral curve, this happens when a root of P(X) coincides with a double root of
B(X), e.g. w1 = p¥ = pk: At this point, the quadratic equation ([£3) factorizes as

~ ~ ~ P(X —-)FaB(X
Y = (X—o)x ¥, 72— v xL ( )O‘L(Q) =0,  (418)
(X — @) (X _M172)
and the resolvent ~
8)(Y 1 aXY
T(X) = = = 4.19
@) =F =+ = (4.19)

has a pole at X = w; on both sheets of the Riemann surface.

In 5D terms, this point of the moduli space corresponds to @1 = m; = mo. Therefore,
the 4D < 5D map of moduli and masses should have ¢; = my eractly when w; = ,uJLc ,
regardless of any quantum corrections. Hence, if we wish to use the classical formula (2.29)
for the 4D and 5D masses, then we should also relate the 4D and 5D moduli according to
eq. (f.14), regardless of any strong-coupling effects. Alternatively, we may rescale v — V in

®The second equation here describes a hyperelliptic curve of reduced genus (¢ = n. — 2 instead of
Ne—2

g = ne — 1), which corresponds to the reduced rank of the Higgs branch’s gauge symmetry (U(1))
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both mass and moduli maps; this gives us eq. ({.17) for the moduli — and hence Y, p; = 0
— while the 5D quark masses are given by

(4.20)

In light of the definitions (f.17) and ({.20)), it is convenient to rescale the X and Y
coordinates of the spectral curve by appropriate powers of V' and rewrite the curve as

2 — yxpx) + e F¥p(x) =0 (4.21)
where
Ne
p(x) = H (z — eL‘wi), (4.22)
i=1
y
br) = (~1)F 2> <[ <x - eL“mf) : (4.23)
i=1
—LaS _ @
and e "% = VLGn—F)
logv%ic{ for F' < 2n
1 —FA2nc—F ¢
S =% Jy) (4.24)
a 87 _ 0 for F' = 2n,.
g

In these notations, eqs. (f.21))-([£.23) describe the spectral curve of a 5D theory com-
pactified on a circle of length 2rR = La without any indication that the compactified
dimension is discrete; all the 4D aspects of the deconstructed SQCDj5 are ‘hiding’ in the
definitions ({.17), (:20) and (f:24) of the 5D moduli and parameters. In other words,
the details of the deconstruction decouple from the spectral curve ({.21)-([{.23) of the
compactified SQCDs.

Thanks to this decoupling, the spectral curve has all the symmetries of the 5D theory,
even when the 4D quiver theory does not respect them at the non-holomorphic level. From
the deconstruction point of view, such enhanced symmetries of the 4D spectral curve acts
as custodial symmetries of the 5D symmetries. For example, consider the C symmetry
which acts on spectral curves according to

1
xr — ;, y — (_x)nc , (4'25)
AF — 2n.—ny — AF, 0; — —9;, mg — —my, (4.26)
"f
S — 8 = my, (4.27)
f=1
or equivalently
def J
H = S — %me is invariant. (4.28)
F=1



Note that C is not a symmetry of the quiver theories themselves but only of their spectral
curves, or more accurately, it’s a symmetry of the family of such spectral curves with
variable mg and AF parameters (but fixed n. and nys). Nevertheless, the very existence
of this 4D symmetry implies a 5D symmetry which acts according to eq. ({1.2() translated
into 5D terms, namely
kes — —kes, bj — —0j, A? — —Aé»‘, me — —my. (4.29)

In other words, C acts as a custodial symmetry of the 5D charge conjugation symmetry.

After all these preliminaries, let us consider the decompactification limit La — oo of
the spectral curve ([.21)-({:2). In this limit, the moduli ¢, and the parameters S and m f
remain fixed, hence the x and y coordinates of the curve scale as

x = exp(La x &), y = exp(La x n) (4.30)
for fixed £ and 7. Thus,

p(x) ~ exp <La x O(&, gp)) except for & very near one of the ¢, ,

(4.31)
b(xz) ~ exp <La x O(&, m)) except for § very near one of the m,
and the ratio
e—LasS b(m)

generally becomes (for La — o0) either extremely large or extremely small, depending on
S. For sufficiently large S (i. e., for sufficiently weakly coupled quiver theory, cf. eq. (£.24)),
the exponent on the right hand side of eq. (.39) is generally negative, and therefore

e LS p(z) < p?(z) except for x very near one of the eZ%%i, (4.33)
Consequently, the roots 1, z2, ..., T2y, of the discriminant
D(z) = p*(z) — 4e F99b(x) (4.34)

cluster in tight pairs near the roots e“®: of p(x). Assuming for simplicity a generic point
of the Coulomb moduli space where all the ; are distinct, we have

Toi1, T ~ el%i + d; (i=1,...,n,) (4.35)

where
d; = 2e1aS/? % < (elwei — elaviy vy £, (4.36)
From the spectral curve’s point of view, the discriminant roots 1, ..., x2,, are branching

points of the Riemann surface ({.21]) over the X plane, and their clustering into tight pairs
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means that in a suitable basis of the abelian gauge fields of the theory, all gauge couplings
are weak. Specifically, the abelian coupling matrix is given [2(] by

i eLa‘Pi eLagoj-
Titj = % log (eLaapi _ eLagoj-)Q
modulo Z, (4.37)
i | (eLacpi)Z
S 5 e

Al

and all we need to do now is to calculate the d; according to eq. ([L.36).

To avoid compactification artefacts due to finite size La of the deconstructed dimension,
we strengthen the assumption of the ¢; being all distinct and assume that the differences
are larger than the compactification scale:

. . 1
Vi# j: |Re(oi —pj)| > Ta’ (4.38)

hence Vi # j either e"®i > el%%i or vice verse el < eX®i. This allows us to approxi-

mate
(eL““’i — eL““’J') A~ max (—i—eL“‘Pi,—eLa“’j)

= +exp (%(w +oj + Lwi — m))

where [; — ;] denotes (¢; — ;) x sign Re(p; — ¢;).% Likewise, we assume no coincidences

(4.39)

between the moduli ¢; and the masses m £ hence

L
<eLa§0i _ eLamf) A~ texp <7a(cpi +my + lpi — me)> . (4.40)
Thanks to approximations ({.39) and ([.40), we have
—iLa
Tizj(p) & —— < lvi—eil (4.41)
Lay; /¢ Layp; La
e X p'(e”) ~ +exp - ncgoi—i—zwi—cpkj , (4.42)
k
. La
b(e*1) ~ +exp - ((QAF—i—nf) <p,~—|—z mf—l—zwi—mfj , (4.43)
! !
hence
i (eLaapl pl(eLaapl))2
Ti—j(p) ~ o log o—Eas p(car) (4.44)
H + (nc AF — —f> X Q5
tLa Z
o 1 modulo 27
+Zl_<pz_§0kJ - §ZL@z me
k f
For a real number «, |a] = |a|, but for complex numbers we need a new notation. However, for any

complex number 3, Re(|3]) = |[Re(B)].
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where
"y
HES - 1Y my, (4.45)
F=1
and all approximations become exponentially good in the large quiver limit L — oo.
According to eqgs. (.41]) and (4.44), the entire abelian coupling matrix 7;;(y) of the
quiver is proportional to La, exactly as promised in eq. (f.1)). Furthermore, the decon-

structed 5D gauge couplings of the SQCDs5’s Coulomb branch

2
Fl] _ loi—ay (4.46)
i

9
and

2
[89%] =Re(H) + kes X ¢i + > _ | — ¢x| — %Z |¢; — Re(m)| (4.47)
5 di=j . 7

are consistent with a prepotential [i], P:

1 P*F
1] | 4.48
[gg]ij 0¢; 0¢; -
2 == h 2 kcs 3 1 S 3 1 LA 3
82 F =Y (59 + =) + 5 2 bi—al’ = 52D lei—my (449)
=1 ij=1 =1 f=1

This indicates SUSY extension from 4 supercharges in 4D to 8 supercharges in the con-
tinuum limit of the fifth dimension, which is a major ingredient of dimensional decon-
struction.” Moreover, the deconstructed prepotential ([{.49) is exactly as in eqs. (1.3)-
(L4) for the un-deconstructed SQCD5 (with a ‘stringy’ UV regulator which preserves
all 8 supersymmetries), provided we identify the tree-level Chern-Simons coefficient as
kes = ne — %n ;- AF according to eq. (B.27), and the tree-level inverse gauge coupling
h = (872/g2) as h = Re(H).®

We conclude this section by establishing the limits (if any) of the h parameter space
of the deconstructed SQCDs5. Going back to eq. (f24), we see that for F' < 2n., S — and
hence H — depends on V, and according to eq. (J.1() V suffers from non-perturbative
corrections when AF = 0. In the large quiver limit, eq. (£.§) becomes

14 I max(vy, v2), (4.50)

"By themselves, eqs. () do not prove SUSY extension in the continuum limit. A complete proof
would require calculating the Kéhler function of the moduli fields and checking that the ¢; have the same
metric as the gauge fields, and also that the Higgs moduli have the right metric and the right speed of
light in the deconstructed dimension. Alas, we don’t know how to calculate the non-perturbative Kéhler
function, so all we can do is hope that we may fine-tune it to agree with the extended SUSY. On the
other hand, the gauge couplings are exactly calculable and cannot be fine-tuned, and that’s why checking
egs. (f1.49) is so important: If there is a prepotential, we may fine-tune the Kéhler function to complete the
SUSY extension; but if there is no prepotential, fine-tuning would not help.

8Note that the tree level gauge coupling is invariant under the charge conjugation C. That’s why the

same H appears in both egs. (}.24) and (4.45).

,27,



and consequently thanks to eq. ([£9),

Ve > Jofe xcupe| = [0y s - el (4.51)
regardless of the tree-level parameter v. In other words,
F=n n
VQHC*F f 7 f
Y
F=1 f=1
Therefore, in light of eqs. (B.27) and ([.47),
1<
1
for kes = + (ne — 3n4), h = Re(H) > §;Re(mf). (4.53)

On the other hand, for AF > 0 there is no lower limit on the magnitude of V; instead
V = v without any quantum corrections whatsoever. Hence, allowing for arbitrarily large
or small A/v ratios, we find that

for |kes| < (nc — %nf), all h > —oo are allowed. (4.54)

Finally, for F' = 2n.. eq. (f.24) does not depend on V but only on the asymptotically-finite
coupling g2 of the 4D gauge theory [SU(n.)]*. Consequently Re S is always non-negative,
and therefore

DO | —

n
f
for kes = — (nc — %nf) , h > — ZRe(mf). (4.55)
f=1
Note that despite completely different 4D origins of the limits ([.53) and ([.5§), in 5D
these limits are related to each other by the charge conjugation C.
Formulze ([£.53)— (J.55) describe the complete range of the h parameter of deconstructed

SQCDs for different values of quark masses and Chern-Simons levels. However, for

"y
h < hy = %Z{Re(mf){, (4.56)
f=1

the 5D inverse gauge couplings ([..46)—(.47) become negative at the origin ¢; = 0 of the
dynamical moduli space. Physically, this is quite impossible from both 5D and 4D points
of view; indeed, the very existence of a spectral curve such as ([.4) guarantees that the
Im 73 () matrix is positive definite® for all moduli ¢;. In 4D, this apparent paradox goes
away when we remember that before deriving eqs. ({.46)—-(f£.47) we assumed a “sufficiently
large” Re(S) to assure that the branching points x1, ..., 22y, of the Riemann surface (4.21)
come in close pairs () But this assumption fails for h < hg. Instead, the arrangement
of the branching points z1, ..., z2,, becomes moduli dependent, and in §6 we shall see how
different arrangements correspond to different phases of the 5D theory. Eqs. (£49)-([£.47)
work only in the “ordinary SQCD5” phase, and their failures (i.e., negative couplings)
indicate flop transition to other phases.

9By abuse of terminology, we call the n. x n. matrix Im 7;; “positive definite” when we mean

ZImTijFiFj > 0 VF; such that ZFZ = 0.

1,7 2
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5. Quantum baryonic branches

In stringy UV completions of 5D SYM theories with ks = 0 (6 = 0 for SU(2)), there is a
peculiar Higgs branch which connects to the Coulomb branch at the superconformal point
h =0, ¢; =0Vi [}, §. In this section we shall see that the deconstructed SYMs — as well
as some SQCDj5 theories — have similar Higgs branches. In quiver terms, they are exotic
baryonic branches, where by exotic we mean that the baryonic VEVs involve 4D flavors
with p = 0 instead of the 5D flavors with u = Ve®™. Classically, such exotic branches do
not exist, and even in the quantum theory they show up only at a particular value of the
coupling parameter H, namely H = 0 for ny = 0 and AF = n,.

But before we delve into quantum baryonic branches of the quiver, let us briefly review
the Higgs branches of 5D SYM from the stringy point of view. A rather graphic picture of
such branches obtains via the (p, ¢) 5-brane web construction of type IIB superstring [ff].1°
For h > 0, the SU(n.) SYM webs look like

N\ /

(5.1)

/ N\

where the left web corresponds to the Coulomb branch with distinct ¢; and the right web
to the unbroken SU(n.) point for ¢; = 0Vi: a stack of n. coincident horizontal brane
segments gives rise to non-abelian SU(n.) gauge symmetry. The inverse 5D coupling h is
proportional to the length of the stack, which depends on relative positions of the external
legs. The directions of those external legs depend on the Chern-Simons level: for ks = 0
the legs diagonally across from each other are parallel, and for h = 0 they line up in straight
lines. Hence, when all the brane boxes in the middle of the web collapse to a point for

¢; = 0V, the external legs can re-connect as two intersecting infinite branes:

10Briefly, there is a bunch of 5-branes, each spanning the 5D coordinates X°,..., X* and a segment of
a real straight line in the (X®, X°) plane; the segments form a web. A brane with (D,NS) charges (p, q)
is oriented according to X° + iX® = (p + 7sq) x real + const; where 75 is the complex type IIB coupling;
this condition provides for 8 unbroken supercharges in 5D. The brane joints in the web are governed by the
zero-force condition, which is equivalent to the (p,q) charge conservation. Please see [E, EI, @] for more
details.
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Pulling the two reconnected branes apart (in a direction perpendicular to both branes)
corresponds to the Higgs branch of the 5D SYM. Note that this branch exists only for
kes = 0: for other Chern-Simons levels the external legs cannot reconnect because they are
not parallel.

In M theory construction of 5D SYM theories there are similar Higgs branches for
kes = 0 only (or # = 0 for SU(2)). To obtain an SU(n.) SYMs, we compactify M theory on
a Calabi-Yau sixfold with a conical singularity of the CY, where the cone’s base is a Y4
Sazaki-Einstein space with p = n. and q = ke [B4, BJ. To be precise, the singularity itself
produces only the superconformal limit of the SYM theory; to obtain the SYM theory with
finite h and/or ¢; # 0 we need to resolve the singularity’s Ké&hler structure. For ¢ = 0
— and only for ¢ = 0 — we may also deform the complex structure of the singularity,
which requires keeping the Kéhler structure unresolved; in field theory this corresponds to
a Higgs branch with frozen Coulomb parameters/moduli h = 0 and ¢; = 0Vi. The reason
cones over YP0 are special in this way is that they are Z,, orbifolds of the conifold, whose
complex structure has one deformation mode; this mode is 7Z, invariant Vp, and so it’s
inherited by the orbifolds. Other cones with ¢ # 0 have rigid complex structures which
cannot be deformed; consequently, SYM theories with k.5 # 0 do not have Higgs branches.

The goal of this section is to deconstruct the Higgs branch of SYM with ks = 0
— as well as similar Higgs branches in some strongly-coupled SQCDj5 theories — via
exotic baryonic branches of the quiver theory. But first, we need to look at the ordinary
baryonic branches of a quiver with generic n., ny, and AF. As discussed at the end of §2,
classical baryonic branches have squark and antisquark VEVs as in eq. (R.4§) (modulo a
flavor symmetry), and their existence requires n. zero modes in the quarks’ mass matrix,
thus eq. (P.43) for the Coulomb moduli ;. Actually, (P.43) is an overdetermined system
of n. equations for n. — 1 independent moduli, hence a baryonic branch exists only if
my + -+ +my, =0 (modulo 27i/La), or in 4D terms, if pf x -+ x pk = VEne Of course
this is all modulo a flavor symmetry, so in general a baryonic branch with flavors f1,..., fn.

exists if and only if

I »f = vi (5.3)
feBaryon

Obviously this condition excludes 4D flavors with u = 0, so classical baryonic branches
involve only the 5D flavors with u = Ve®™ # 0.

In the quantum theory we cannot look at individual squark VEVs; instead, we analyze
VEVs of gauge-invariant chiral operators. In our 4D paper [R5 we found that the off-shell
chiral ring of the quiver theory contains a whole zoo of baryon-like operators, but in the
on-shell ring, they are all related to each other via equations of motion (AKA Konishi
anomaly equations). Consequently, for each choice of n. distinct flavors, there is at most
one independent baryonic VEV (and likewise, one antibaryonic VEV). And similar to the
classical theory, such (anti)baryonic VEVs over-determine the Coulomb moduli, although
eq. (b.3) is corrected by instanton effects. The exact constraint is best stated in terms of
the spectral curve ({.2) of the quiver: A baryonic branch exists when the curve has no
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branch cuts at all; instead, it factorizes according to
Y2 - P(X)xY + (-1)FaB(X) = (Y - Bl(X)) x (Y - (—1)FaBQ(X)) = 0 (5.4)

where
Bi(X) = H (X — p¥)  of degree = n. (5.5)
f€Baryon

encodes masses of flavors involved in the baryonic VEV, and
By(X) = H (X —ub) of degree = F — n, (5.6)
f&Baryon

encodes masses of the remaining flavors. Factorization of the spectral curve implies that
the link resolvent T'(X) (cf. egs. (.12)-([.14)) has poles instead of branch cuts:

1
E TML on the physical sheet,
T(X) < <Tr ;> _ 1oy JJebenen !
- JE— DY - o 1
X —Qp--- Y ox E ——— on the unphysical sheet.

f¢Baryon X - Mf
(5.7)
Note that the poles differ between the two Riemann sheets, and consequently the Coulomb
moduli @; = Vel do not match the poles; instead, eq. (5-4) implies
N
PX)=[[(X —=i) = Bi(X) + (-1)Fa x By(X). (5.8)
i=1
Physically, the first term on the right hand side reproduces the classical eq. (5.J) for the
moduli of a baryonic branch, while the second term is the quantum correction; it arises at
the one-diagonal-instanton level (one instanton in the SU(n.)diag, 7. €. one instanton in each
SU(n.), factor). Eq. (p.7) over-determines the moduli: in order to maintain the product
constraint ([£7), the masses must satisfy

I #f + vfax [ wf = vim (5.9)
feBaryon f¢Baryon

Unlike its classical analogue (f.J), this formula involves masses of all F' flavors rather than
just the n. flavors involved in the baryonic VEVs. In particular, it involves flavors with
u = 0, if any, and this gives rise to two distinct types of baryonic branches: they either
contain none of the u = 0 flavors, or else they contain all of them at once.

Ordinary baryonic branches are of the first type: all n. flavors have p = Ve # 0
and are visible in 5D. For AF > 0, eq. (5.9) for such branches reduces to the classical
formula (f.3), or in 5D terms > feBaryon Mf = 0. However, the moduli ¢; suffer quantum
corrections according to
ne

H (.%' B eLagoi) _ H (.%' . eLamf) + (_1)F6—La5’ « .%'AF « H (.%' . eLamf) )

i=1 f€Baryon f&Baryon
(5.10)
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In the decompactification limit La — oo, the second term on the right hand side be-
comes negligible if the coupling is weak enough; in this regime we recover the classical
constraint (R-43). On the other hand, for strong coupling the second term remains impor-
tant even in the 5D limit; we shall see an example of such quantum shift of the baryonic
branch in §6.3.

Baryonic branches of the second type are exotic: they involve p = 0 flavors, indeed all
AF of them, plus (n. — AF) 5D flavors to complete the baryon. Clearly, such branches
require F' = ny + AF > n, but AF < n.; in 5D terms this amounts to a constraint on the
Chern-Simons level:

ny

Exotic baryons exist only for |kes| < 5 (5.11)

In particular, in SYM theories with ny = 0, the exotic baryonic branches exist only for
ks =0 (6 =0 for n. = 2).
For an exotic baryonic branch, eq. (b.9) depends on the coupling & as much as on the

masses [f; solving it for o gives us

L
Ve
(-)f'a = : (5.12)
IT »
f&Baryon
or in terms of S and H parameters (cf. egs. (.24) and ([.2§))
5D only 5D only m 5D only m
g - H — nr iy 5.13
> mp = > 5 > (5.13)
f¢&Baryon f&Baryon f€E€Baryon

In particular, for a SYM theory with ks = 0, the exotic branch requires H = 0. For other
values of the coupling H — either too weak or too strong — exotic baryons cannot develop
VEVs. This behavior is in perfect agreement with the Higgs branch of the brane web (5.9):
To pull the web apart in the out-of-plane direction, the external legs of the web must be
perfectly aligned, which means h = 0 exactly, no more and no less.

The ¢; moduli of an exotic baryonic branch are constrained by

Ne 5d 5d
H (ac — eL‘w") = 22 x H (ac — eLamf) + (-DF e~ las H <x — eLamf>7
=1 f€Baryon f¢Baryon
(5.14)
or in light of eq. (5.13),
Ne 5d 5d
H (z — eb™i) = 22 x H (:U - eLamf) + (-D)F H <:U x ¢ Lamy 1) .
=1 f€eBaryon f¢Baryon
(5.15)

Note that both terms on the second line here are of comparable magnitudes and both
remain important in the decompactification limit. In particular, for ny = 0 and AF = n,
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(the SYM theory with kcs = 0), the first term becomes 2™ while the second term is £1.
Together, they provide for

n,
3 1
H(m—eL‘w’“) = z"+ 1 = Lapr = 2mixk or 2m'><(k‘—§), k=1,...,n,
k=1
(5.16)

or in 5D terms, all ¢ = 0. Together with the h = 0 condition, this brings us to the
superconformal point where the exotic baryonic Higgs branch meets the Coulomb branch.
Again, this is in perfect agreement with the string theory: in terms of the brane web (f.9),
aligning the external legs (setting h = 0) is not enough, one must also collapse all the cycles
(by setting all ¢, = 0) before pulling the web apart (i. e., turning on a hypermultiplet VEV).

In [R5 we rejected the exotic baryonic branches because of their link resolvents: ac-
cording to eq. (5.7), when a baryonic branch involves a p = 0 flavor, T(X) has a pole at
X = 0 on the physical sheet. This implies that the product €y, --- €y of link fields has
a zero eigenvalue — or rather AF zero eigenvalues, judging by the residue of the pole at
X =0 — and we thought that to be impossible since all the {2, matrices are invertible. In
retrospect, that was a mistake.

Indeed, in the quantum theory (det(Qy--- Q1)) # [], (det(€)), and in PF] we have
actually calculated the quantum corrections to (det(€2y, - --€)) arising from instantons in
the diagonal SU(n.)diag as well as instantons in individual SU(n.), factors. But somehow,
we overlooked the possibility that the quantum corrections may cancel the classical contri-
bution and lead to (det(€2r --- 1)) = 0 despite invertibility of the individual €2, matrices.
For an example of such cancellation, consider a quiver with F' = n., in which case

<det(X - QL...91>> = P(X) — (-1)™ xa (5.17)
(cf. [BF] for details), and hence
(det(Qp---Q)) = Ve — o = ylney (1 - eiLaH) — 0 for H=0. (5.18)

More generally, for a quiver with £’ > n. the characteristic polynomial of the link product
is given by

P(X) + /P2(X) —4(-1)FaB(X)
2

<det <X - Q- Ql)> = Polynomial part of [

(5.19)
When the quiver has a baryonic branch —ordinary or exotic — and the spectral curve
factorizes according to eq. (p.4), eq. (5.19) reduces to

Bi(X) on the physical sheet,
X =0 0)) = 2
<det< L ! { (—=1)¥aBy(X) on the unphysical sheet, (5:20)

in perfect agreement with the link resolvent (.7) of a baryonic branch. In particular, for
an exotic branch, the determinant (f.20) has precisely AF zero eigenvalues, which agrees
with 7'(X) having a pole of residue AF at X = 0 on the physical sheet.
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To summarize, quiver theories with AF' < n. < AF +ny (which correspond to SQCDs
with |kes| < %‘ﬁ) have exotic baryonic branches involving ;1 = 0 flavors. Such branches exist
only for specific values of the coupling H as well as of the Coulomb moduli ¢;; in particular,
for the SYM with ks = 0 (or § = 0 for n. = 2), the exotic baryonic branch grows out of
the 5D superconformal point A = 0, ¢; = 0Vi. In string implementations of the same 5D
SYM, the existence of a Higgs branch at the superconformal point is well-known, but its
baryonic nature is a novel result.

6. SU(2) examples of phase structures and flop transitions

In this section we present four examples of deconstructive quiver theories and study their
phases for h = §%2 > 0 and h < 0. In 4D terms, negative h means |A| > |V| and
hence strongly cousl()iled SU(2), factors of the quiver theory at the 4D — 5D threshold 1/a.
However, thanks to unbroken A" = 1 SUSY in 4D, the holomorphic spectral curve ({.21)
remains non-perturbatively exact despite the strong coupling, and thus may be used for
deconstructing the exotic phases of 5D theories.

Our presentation here is quite detailed, which makes for a rather looooong section. So
let us state our main result upfront: in all examples, the deconstructed SQCDs5 has
exactly the same phase diagram as the string-theoretical UV completion of the
same 5D theory. And now, the readers who are not interested in technical details may
skip over many formulae in this section and just look at the phase diagrams themselves;
they appear on pages [i2, i, 453, 0, p2, and [p4.

For simplicity, all our examples have n, = 2 and hence Coulomb branches with only
one abelian gauge coupling, and also only one independent modulus ¢ = @9 = —1;
without loss of generality we assume ¢ = Rep > 0. In 4D, the quiver theory with n, = 2
has an elliptic rather than hyperelliptic spectral curve ({.21]), with four branching points
1, T, T3, x4 located at roots of the quartic equation

ny
D(z) = (22 — 2cosh(Lap) x & + 1)* — 4(=1)F e~ a5 5 gAF H (x —el*ms) = 0. (6.1)
f=1

The 4D abelian gauge coupling 7 — or rather its invariant

jir)y =34 (Z;Jfg) = ¢ ?™T | 744 + a convergent power series in e T2 (6.2)

under electric-magnetic duality — follows from the cross-ratio

(1 — 24) (w2 — 13)
X = (@ a) (e~ xa) (63)

of the branching points according to

P+ x+1)3

—XQ(X MR (6.4)

j(r) = —256
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A finite 5D coupling corresponds to Im 7 o« La and hence exponentially large j; in terms
of the cross ratio (p.J), this means y — 0, x — —1, or Y — oo, with
LaxT 87
or (16x)> _ e where T ¢ QL (6.5)
2 9541U(1)]

Our first two examples have ny = 0 in 5D, but the 4D quivers do have = 0 quarks,
AF = 1 in the first example (§6.1) and AF = 2 in the second example (§6.2).!' In 5D,
both examples yield SYM theories for h > 0; according to eq. (B.30), the first SYM has
vacuum angle § = m while the second has # = 0. But we shall see that the h < 0 regimes of

16 16
x x+1’

Relog <

the two examples are very different: the AF = 1 model has two distinct Coulomb phases
— the SYM phase and the Ey phase — separated by a flop transition, while the AF = 2
model has only one Coulomb phase, but it also has a Higgs phase (which we deconstruct
as the exotic baryonic branch). In string theory constructions, these two 5D theories are
properly known as the Dy (for = 0) and the Dy (for § = 7), although they are often called
Ey and E; after their respective superconformal limits at h = ¢ = 0 [Bl. In this article
however, we call them Dy and Dy because we focus on deconstructing the non-conformal
Coulomb and Higgs phases of the two theories.

In §6.3 we present two more SU(2) models, this time with two quark flavors in 5D.
For simplicity, we restrict our analysis to equal masses (modulo sign) for the two flavors.
The first model has m; = —msy and AF = 1 while the second has mq = mo and AF = 0;
we present them together in §6.3 because their spectral curves are dual to each other.
However, the quiver theories themselves are not dual, and even their moduli spaces are not
quite dual. In particular, the AF = 1 model has more Higgs branches than the AF = 0
model.

6.1 The 50 model: n, =2, ny =0, AF =1

We begin with the flavorless SU(2) model with § = 7, or in 4D quiver terms, n, = 2,
ny = 0, and AF = 1. The spectral curve of this model has branching points at roots of
the discriminant

D(z) = (2% —2cosh(Lap) x z +1)? + 4e L x 2 = 0. (6.6)

There is no simple general formula for these roots, but in the La — oo limit there are
simple approximations for various regimes of h = Re(H) and ¢ = Re(p). As a warm up
exercise, let us start with the h > 0 regime and reproduce the Seiberg’s formula [f[] for
SU(2):

872
g3aU(L)]

For h > 0 and also h, ¢ > Lia, the four roots of eq. (f.6) lie approximately at

T

— 2h + (8—ny) X ¢. (6.7)

~ e-‘,—La(p i 22 e—La(H-l—go)/Q

2 ) €3,4

1o a4~ el 4 9j e LalHt30)/2 (6.8)

"There is also a distinct theory with AF = 0; it was studied in much detail in [E] But that theory has
h > 0 only, and it does not have any phase transitions at all.
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and have a large cross-ratio (p.3)

Hence, according to eq. (b.9)

in perfect agreement with the Seiberg’s formula (p.7).

Another useful cross-check of the h > 0 phase is to reproduce the SU(2) restoration in
5D for ¢ — 0. In 4D terms, classical SU(2) restoration happens for Lag = 0 or mi (modulo
21i); the two allowed values of the Wilson line are due to W particles having charges £2
in fundamental (quark) charge units. Moreover, quantum effects in a classically-unbroken
SU(2) SYM split a single singularity into a close pair of Seiberg-Witten points where
magnetic monopoles or dyons become massless and j(7) has a pole. In Seiberg-Witten
terms, tr((adjoint scalar)?) corresponds to (Lagp)? or (Lag —mi)? while the strong-coupling
scale Ady, of the 5D theory compactified to 4D (i.e., the diagonal SU(2) of the quiver)
corresponds to +e~F*H . Hence, we expect j(7(¢)) to have poles at

(Lap)?* = 40 <67L“H/2) and (Lap — mi)? = +0 (eiLaH/2> (6.11)

In terms of the spectral curve, a pole of j means that two of the branching points x1 2 3 4 col-
lide with each other. To see how it happens in the our model, let’s take the sinh2(Lacp) — 0
limit of eq. (6.6). In this limit, all four branching points cluster around +1 (depending on
the sign of cosh(Lay)), so to resolve the situation, we shift and rescale

r = 2’ x sinh(Lay) + cosh(Lay), (6.12)
sinh*(Lay)
9 9 e—LaH
~ -1 £ 4—). 6.13
(@ ) sinh*(Lay) (6.13)

The rescaled discriminant has a double root when the second term on the last line above

equals to —1, or in ¢ terms when
(Lap)? ~ +£2ie7PeH2 or  (Lap —mi)? ~ +2e Lo/2) (6.14)

in perfect agreement with eq. (6.11).!> Thus, we conclude that the ¢ — 0 limit in the
h > 0 regime of the quiver theory properly deconstructs the SU(2) restoration in 5D.

Now let us consider the negative h regime of the theory. In this regime, the roots of
eq. (p.6) form three different patterns depending on the ratio of ¢ to —h:

12Note that the ¢ moduli space in 4D is a half-cylinder: besides the ¢ = ¢ + (27i/La) redundancy of
the Wilson line, we also identify ¢ = —¢ because of the symmetry between the two eigenvalues ¢1 = —po.
This space has two Za orbifold singularities at Lay = 0 or mi, and the proper single-valued coordinates
near these points are respectively (Lay)? and (Lap — mi)?. Therefore, eq. () describes four singularities
rather then eight.
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For ¢ > (—h) > 0, the pattern is similar to the h > 0 regime, and the roots lie at
T1p ~ et 4 9o Lallr)2 g x emlae 4 95~ LalHE30)/2 0 (6.15)

1 La(H+4p)

Consequently, the cross ratio (6.9) is x = T6 € , and the 5D inverse coupling

1S

T = 20 + 8¢, (6.16)
exactly as for h > 0.
For ¢ < (—h) but ¢ > (—h/3) > 0, the pattern is slightly different:

eJrLatp :l: 27/ e*La(H‘F(P)/Q

T12 ~ >
but z3 ~ —2 e~ LelH+2¢), (6.17)
and z4 ~ —% etlatl
In this case, the cross ratio is x = % eLaBH+9¢)/2 " and hence the 5D inverse coupling
is
T = 3h + 9¢. (6.18)

Finally, for 0 < ¢ < (—h/3) we have a very different pattern of one small root and
three large roots equidistant from each other:

D123 A _ A 2mik/3 o o~LaH/3 geLw’
k=1,2,3, (6.19)
T4~ —% etlall

For this pattern, the cross-ratio is y ~ e 2mi/3 _ 91/33-1/2; oLaBp+H)/3 gnd hence
§(r) ~ 512eTlatH+3e) 1 (6.20)

Such small j indicates strong rather than weak 4D gauge coupling: 7 asymptotes to

a self-dual point e2/3 (a corner of the Teichmuller space) and stops depending on ¢

as long as ¢ < (—h/3). In 5D terms, such strong 7 deconstructs to

T = % ~ 0, (6.21)

i.e., g2p[U(1)] = O(La) and becomes infinite in the decompactification limit.
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Let us summarize the various regimes of the deconstructed T'(¢,h) behavior in one
picture:

T h>0

0 o : ) (6.22)
0 hl/3 |hl

The blue and red line here plot T'(¢) for fixed values of h. The blue line is for the A > 0
regime, and the solid blue circle at its end indicates SU(2) restoration in 5D for ¢ = 0.
The red line is for the A < 0 regimes, and the open red circles indicate regime changes at
¢ = (—h), ¢ = (—h)/3, and maybe ¢ = 0; we shall investigate them momentarily.

Let us start with the right circle and take a closer look at the spectral curve of the

deconstructed theory for ¢ = —H 4 O(1/La). In this regime, two roots of the curve’s
discriminant (f.6) are as in eqgs. (6.19) and (b.17),
T1o ~ et 4 9 LalHHe)/2 (6.23)

while the other two roots x3, x4 satisfy a quadratic equation
(9 2)” = 2 (1—2e ket ) x (Fo90) 4+ 1 = 0 (6.24)

and collide with each other for La(¢ + H) = 0 (modulo 27i). This collision creates a pole
in j(7), indicating a charged particle becoming massless at this point in the moduli space.
Since the 4D coupling 7 is generally very weak in this area, we conclude that the massless
particle’s charge is electric rather than magnetic. Also, a single pole at a unique (modulo
27) value of the Wilson line indicates the charge is £1 in fundamental units. In other
words, the massless 4D particle is a quark, and it deconstructs a 5D quark which (in the
h < 0 phase) becomes massless at ¢ = (—h).

Note that the 4D quiver of our model does have quarks, but perturbatively they have
no light modes (with masses < (1/a)) and thus decouple from the 5D physics. Apparently,
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when the quiver theory is strongly coupled for h < 0, those quarks somehow become light
and show up in 5D. In other words, the h < 0 phase of the deconstructed theory has a
quark flavor that the A > 0 “ordinary SYMs5” phase does not know about.

Now consider the left red circle at ¢ = 0. In the h < 0 regime, the spectral curve does
not degenerate when Lag becomes small. Instead, the four roots of the discriminant (B.4)
form the same pattern (6.19) as for ¢ > 0 (but ¢ < (—h)/3), and nothing special happens
for Lap = O(1). In 5D terms, there is no 5D SU(2) restoration in the h < 0 phase for
¢ = 0, nor anything else special at this point.

But after this disappointment, the middle red circle at ¢ = (—h)/3 turns out to be very
interesting. Looking at the spectral curve’s discriminant for 3¢ + H = O(1/La), we find

one small root x4 ~ %6+L“H and three big roots 123 governed by a cubic polynomial
(efLU“‘J 56)3 -2 (eiLa“" x)z + (efLU“‘J z) + de~FaBetH) — (6.25)
—La(3p+H)

For large e these roots form an equilateral triangle as in eq. (p.19), while for
small e~ LaBe+H) the x3 root is much smaller than the x; 2 roots as in eq. () And for

La(3p+H)

an intermediate value of e~ = 5—71, two of the roots collide and the spectral curve

degenerates. In Lay terms, the degeneration happens at three distinct points

LaH 2mi(k — 1)

Lapy, = 3 + log3 + (modulo 27i), k=1,2,3. (6.26)

Moreover, at each point the degeneration is due to collision of a different pair of roots,
which leads to distinct, non-commuting monodromies around each point. In physical 4D
terms, this means singularities due to massless particles of different charge types: elec-
tric, magnetic, and dyonic. And reconstructing this behavior in terms of a 5D theory
compactified on a large circle calls for a nontrivial superconformal theory in 5D.

Specifically, this pattern of three singularities related by 27i/3 Wilson lines is charac-
teristic of the compactified 5D SCFT known as the Ey. Unlike the other SCFTs in the
E,, series which obtain in the A — 0 limits of SU(2) gauge theories with n — 1 massless
flavors, the Ey is an isolated SCFT. It has a dynamical modulus field é, but it does not
have any non-dynamical parameters (like h or quark masses) one needs to tune to obtain
superconformal behavior for (i = 0. In 5D, (ﬁ is a real field which takes non-negative values
only, but after compactification to 4D, it becomes a cylindrical complex variable ¢ whose
real part could be either positive or negative. However, for negative Re ¢ the 4D gauge
coupling 7 asymptotes to a selfdual point — which corresponds to infinite 5D coupling —
while for positive Re ¢ the 4D coupling is weak, Im 7 &< 2w R, which indicates finite coupling
in 5D, specifically T' = 9ng5. Comparing this behavior to our quiver theory with A < 0 and
¢ ~ (—h)/3, we immediately see that the 5D theory here is the Fy SCFT whose Coulomb
modulus can be identified as ¢ = ¢ — %(—h).
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Altogether, at this point we may complete the figure (6.2) as follows:

T h>0

a massless quark

SU(2) restoration — slope =9

é (6.27)

no SU(2) restoration — o .
0 |hl/3 |
Again, the blue line here plots T'(¢) for a fixed h > 0 while the red line plots T'(¢) for a
fixed h < 0, but now we have identified all interesting points on both lines. Also, the red
line is now dotted left of the Ey point (0 < ¢ < |h|/3) to indicate that this regime does not
really exist in five infinite dimensions but only in the compactified theory. Indeed, in the
decompactification limit La — oo, the distance between the Ey point and the ¢ = 0 point
disappears in the field metric

1 _ V3/87
gplU(M)]  La

and the whole range of 0 < ¢ < (—h/3) becomes invisible.
Such disappearance of 4D phases upon decompactification to 5D is well known in the

ges = via 5D SUSY = — 0, (6.28)

string theory context. For example, when a type ITA superstring on a Calabi-Yau manifold
is promoted to M-theory on the same manifold, the non-geometric phases of the Calabi-Yau
disappear from the 5D physics because the moduli space regions where they live collapse
to zero volume in the decompactification limit. The collapse happens due to geometric
differences between the 5D, N' = 1 and the 4D, N/ = 2 supersymmetries and does not
depend on any inherently stringy physics; any other UV completion allowing 4D — 5D
decompactification of a field theory should behave in a similar way.

And that’s precisely what we see in the spectral curve of our deconstructed theory.
When compactified on a circle, the theory acquires a “non-geometric” phase occupying the
0 < ¢ < (—h)/3 range of the moduli space, but this phase disappears in the decompacti-
fication limit La — oo. Since the deconstruction process requires finite L and hence finite
fifth dimension, we have duly deconstructed the non-geometric phase of the compactified
theory. But we should not try to interpret this phase in 5D terms because it’s an artefact
of compactification.

Let us briefly compare our deconstructed example to a string-theoretical UV com-
pletion of the same 5D theory, i.e., Dy. Specifically, let us use the type I’ superstring
(orientifold of the type ITA on a circle) where the Dy is realized on a D4-brane probe
located near and OS8 orientifold plane; the other O8 plane and all 16 D8 branes are far
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away from the probe. The 5D scalar field ¢ corresponds to the distance between the D4
and the O8; perturbatively, the gauge theory on the probe is enhanced from U(1) to SU(2)
for ¢ = 0. The vacuum charge —8 of the orientifold plane creates dilaton gradient in
the ¢ direction, which makes the gauge coupling on the probe ¢-dependent, with deriva-
tive 0T'/0¢p = +8. As long as the dilaton’s value at the O8 itself is finite, this gives us
T = 2h + 8¢ with h > 0, precisely as for the “ordinary SYM;5” phase of the deconstructed

theory, cf. the blue line in figure (6.27).

For h — 0 the dilaton value at the O8 blows up and the type I' perturbation theory
breaks down, but the S-duality between type I’ and heterotic strings allows analytic con-
tinuation into the non-perturbative h < 0 phase. In this phase, the dilaton always blows
up at the orientifold plane, but the vacuum charge of the plane changes from —8 to —9,
and an extra D8 brane appears out of the O8 to balance the charge; the distance between
the 082 and the new DS is proportional to —h. Putting a D4 probe right on top of the
orientifold in this phase leads to the Ej superconformal theory on the probe [J]. When we
move the probe away, we get the Coulomb branch of the Ej, comprised of one massless
vector multiplet with Chern-Simons self-coupling k£ = 9, or in terms of the gauge coupling,
T= 9(&. Note that the Chern-Simons level & = 9 is characteristic of the Ey theory.

But besides the vector multiplet living on the D4 probe itself, there is also a quark
hypermultiplet due to open strings between the D4 and the D8 brane (which was emitted
by the orientifold plane during the phase transition). This quark is generally massive but
becomes massless when the probe reaches the D8. When the D4 probe moves beyond the
D8, the quark becomes massive again but its 5D mass flips sign; consequently, the Chern-
Simons level of the U(1) vector multiplet reduces from +9 to +8 and hence d7/9¢ = 8
rather than 9. Altogether, we have

T { 96 for 0 < ¢ < me, (6.29)

8¢3+mq for ngb > my.

Again, this behavior is in perfect agreement with the deconstructed theory with A < 0, cf.
the solid part of the red line in figure (6.27).

Finally, the non-geometric phase of the deconstructed theory — cf. the dotted part of
the red line for 0 < ¢ < (—h/3) — does not have any counterpart in the type I string theory
because we haven’t compactified it to 4D. To see this phase in a string implementation of
Dy we would need a 4D A = 2 construction — for example a D3 probe near a cluster of
four (p,q) 7-branes in type IIB string, or a type IIA string on a singular Calabi-Yau with
a collapsed dP; 4-cycle — but this gets us too deep into string theory and away from the
main subject of this paper.

Instead, let us go back to the deconstructed theory and draw its phase diagram in the
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(h, ) parameter space:

Eo SCFT o (6.30)

SYM phase

h <0< >h >0
no SU(2) restoration/A E,; SCFT—" SU(2) restorationj

Note that for fixed ¢ > 0 there is no phase transition across the h = 0 line. In 4D, the
branching points of the spectral curve follow the same pattern on both sides of this line —
cf. eqs. (b.8) and (p.15) — and there are no singularities for H — 0. Consequently, the 5D
physics also continues unperturbed, and the A > 0 SYM;5 phase continues to negative h.
Instead, the transition to a new phase — which we identify as a Coulomb branch of an Fj
theory (with some massive fields added) — happens at h = —¢. Along this transition line,
a charged hypermultiplet (a quark) becomes massless while the gauge coupling remains
finite. In M-theory terms, such transition is a flop where a 4-cycle changes the sign of its
area.

When the parameter h becomes more negative and reaches h = —3¢, the 5D coupling
becomes strong and there is a transition from the Coulomb phase of the Ej to the super-
conformal phase. In M-theory terms, this transition corresponds to a 4-cycle (shaped as a
IP2) collapsing to a point rather than flopping the sign of its area. Beyond this transition
lies the non-geometric phase, which exist in 4D compactifications of the 5D theory but not
in five infinite dimensions.

The two transition lines intersect at the (h = 0,¢ = 0) point. The 5D physics here
is superconformal, but the SCFT is E; rather than Ey. In the type I’ string construction
of this SCFT point, the dilaton blows up at the O8 orientifold plane which is just about
to emit a D8 brane but has not done it yet, and the D4 probe sits right on top of this
strongly-coupled mess. The spectral curve of the 4D quiver theory is also rather messy at
this point, or rather its O(1/La) neighborhood in the (H, ) space: 7 is generally strong
here, and there are four singular lines with non-commuting monodromies around them.
But the general type of singularities agrees with the E; SCFT compactified to 4D @l

In string theory, the simplest way to produce the phase diagram similar to (6.30) —
without the non-geometric phase, of course — is via the (p, ¢) 5-brane web construction in
type IIB superstring. For the Coulomb branch of the SYM phase, the brane web of the Dy

— 492 —



model looks like

N
/

RN

(6.31)
Note that the non-dynamical h parameter here corresponds to relative position of the
semi-infinite external lines, while the dynamical modulus ¢ controls the internal lines only.
For ¢ = 0 and h > 0, two brane segments become coincident (the dotted lines on the
diagram (B.31])) over length h, and the string connecting these branes produce an SU(2)
SYM with 5D gauge coupling g2 oc 1/h.
For h < 0 but ¢ > 0, the web flips between two topologies according to the sign of
¢+ h:

(6.32)

The left web here — for h < 0 but h + ¢ > 0 — has the same topology as the h > 0
web (6.32)); it corresponds to the extension of the SYM’s Coulomb phase from A > 0 to
—¢ < h < 0. The right web — for h + ¢ < 0 but h + 3¢ > 0 — has a different topology
and describes a different phase of the theory, namely the Coulomb phase of Ey (the upper
triangle of the web) with an extra massive hypermultiplet (the lower fork). The two webs
are related by a segment flop; this is dual to a 4-cycle flop in M-theory. At the flop
transition itself (at A + ¢ = 0), there is a 4-brane junction which looks like an intersection

of two branes. Here the strings connecting the intersecting branes give rise to a massless

,43,



charged hypermultiplet:

(6.33)

On the other side of the Ey Coulomb phase, for h = —3¢ the triangle collapses to a
point. In 5D terms, this corresponds to a non-trivial SCFT, in this case Epy:

Eo SCFT
(6.34)

In addition, there is a massive hypermultiplet due to the fork in the lower part of the web.
A different SCFT, namely E; obtains at h = ¢ = 0 when the whole web (except for
the external legs) collapses to a point:

, (6.35)
Ey SCFT

Finally, for h 4+ 3¢ < 0 the web cannot be build; this impossibility in 5D corresponds to a
non-geometric 4D phase of the deconstructed theory.

6.2 The Dy model: n. =2, ny =0, AF =2

Our second model is also an SU(2) SYM in 5D, but with # = 0 instead of § = 7. In 4D
quiver terms, this calls for n. = 2, ny = 0, and AF = 2, hence spectral curve

P — yx (3:2 — 2x cosh(Lay) + 1) + e ol w22 = 0. (6.36)
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The discriminant equation (B.1]) for the branching points of this curve factorizes into two

quadratic equations
22 — 2cosh(Lap) x ¢ + 1 = +£2e FeH/2 « o, (6.37)

hence

x14 = cosh(Lap) + e Lof/2 4 \/(cosh(Lagp) + e—LaH/Q)2 -1,

(6.38)
293 = cosh(Lap) — e Laf/2 4 \/(cosh(Lagp) - e*L“H/2)2 - 1.
For h > 0 these branching points lie approximately at
r19 ~ el 4 2eLatl/2, T34 ~ el 4 2e~ Lall+4¢)/2 (6.39)

and although this pattern is somewhat different from eq. (.§) for the previous model, it

1 efLa(H+4<p)

has a similar crossratio (f.d) x = i6 and therefore leads to the same gauge

coupling

T = 2h + 8¢, (6.40)

cf. Seiberg formula (6.7). Likewise, there is SU(2) restoration for ¢ — 0 and h > 0. Indeed,
the branching points (p.3§) degenerate (r1 = x4 or xo = x3) when

cosh(Lap) = +£1 + e Lafl/2 (6.41)
and for h > 0 this happens for
(Lap)? ~ +2¢7Lal/2 or  (Lap —7i)? ~ +2ie Lall/2, (6.42)

Clearly this makes two close pairs of Seiberg-Witten points according to eq. (), which
indicates SU(2) restoration in 5D.

But despite the similarity between the AF = 1 and AF = 2 models for h > 0, their
h < 0 behaviors are very different. In the present AF = 2 model, for ¢ > 0, the branching
points x1 23 4 follow the pattern (639 as long as h > —2¢. In 5D terms, this means that
the SYM phase persist to negative h and even beyond the h = —¢ line (where the AF =1
model had a transition) all the way to h = —2¢. But for h < —2¢ things are getting

seriously weird: the branching points asymptote to
T12 A~ £2 e Latl/2 T34 R :F% etlat/2 (6.43)

regardless of ¢, the crossratio becomes x ~ —i e Lall > 1 and all this translates to a

finite but ¢-independent 5D gauge coupling
T = 2/h| > 0 whenever h < —2¢ < 0. (6.44)

Finally, for A < 0 the SU(2) restoration happens not at ¢ = 0 but at ¢ = (—h)/2.
Indeed, in this region, the degeneration loci () become

Lap ~ —3LaH + log(2) + {0or mi} + etlat/2 (6.45)
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which makes two exponentially close pairs (note etlall/2 « 1) whose centers differ by a
Wilson line = 7; as in eq. (f.11]), this is how the SU(2) restoration in 5D looks from the
4D spectral curve’s point of view. On the other hand, the curve does not degenerate for
h < 0 and ¢ =~ 0, so there is no SU(2) restoration there.

Altogether, we have

h >0

SU(2) restoration
slope =0

=~ SU(2) restoration

I ) (6.46)
|h]/2

where the dotted red line for h < 0 and 0 < ¢ < |h|/2 denotes something is wrong in this
regime. Indeed, a finite but ¢-independent 5D gauge coupling would normally indicate a
free U(1) phase, but such a phase cannot possibly connect to an unbroken—SU(2) point
at ¢ = |h|/2. Instead, an SU(2) point should be the end-point of the 5D moduli space
because of the Zg C SU(2) reflection of the Coulomb modulus b — —(]3; in ¢ terms, this
corresponds to the identification

“h —h
¢ = - + |®] = ¢ always > - (6.47)

From the 4D point of view, such premature end of the ¢ modulus indicated sudden
divergence between the ¢ coordinate of the complex moduli space and the N' = 2 super-
partner A of the abelian vector field. Indeed,

dA 2 smh Lagp dx

dyp B \/ (r —x1)(x — x2)(x — x3)(x — 24) (6.48)

where the integration contour is the electric cycle of the spectral curve, 7. e. a loop around
a branch cut connecting x1 with z2;'3 the pre-integral factor 2sinh(La¢) here compensates
for the logarithmic definition of the ¢ modulus, cf. eq. (f.17). As long as the branching

13 A similar contour integral over the magnetic cycle of the curve — a loop around a cut from z; to x3
— gives dAp/dcosh(Lay) where Ap is the superpartner of the magnetic dual of the vector field.

,46,



points are as in eq. (6.39), eq. (b.49) evaluates to

= = 1 + O(e Falll+20)y (6.49)

thus in the decompactification limit, A = ¢ + const with exponentially good accuracy.
However, when the branching point pattern changes from (.39) to (6.43) for h + 2¢ < 0,
eq. (p-49) yields

dA

& i +La(H42¢)/2 1 6.50
e e < 1, (6.50)

x
2

thus the vector’s superpartner A no longer tracks . Instead, it decouples: as long as
Re ¢ < (—h/2), the actual value of ¢ does not matter anymore.

Consequently, we would like to map ¢ onto a different holomorphic coordinate which
tracks ¢ for Re ¢ > (—h/2) but bottoms out at Re p = (—h/2) > 0. From the N/ = 2 point
of view it would be best to use the vector’s superpartner A itself, but since it suffers non-
trivial monodromies at the Seiberg-Witten points (p.45), we would rather use something
simpler. Specifically, we want a holomorphic coordinate ¢ which lives on a half-cylinder,
i.e. p=p+ 2L—7;Z and ¢ = —¢, and whose real part Re¢ becomes the 5D modulus ) (cf.
eq. (6.47)) in the decompactification limit. And since ¢ itself lives on a half-cylinder, the
map between ¢ and ¢ works according to

cosh(Lag) = eTFeH/2 % cosh(Lay). (6.51)

As promised, for La — oo eq. (6:51)) reduces to [¢] = |¢| + $H and hence eq. (5:47)
for the real 5D variables qAS and ¢. But near the SU(2) restoration points, the ¢ variable

becomes double-valued, hence eq. (f-45) becomes

(Lag)? = +2etEaf/2 and  (Lap —mi)? = +£2e+Eatl/2) (6.52)
Note Seiberg-Witten’s tr((adjoint scalar)?) here corresponds to (Lap)? or (Lap — mi)?,
similarly to (Lap)? or (Layp — mi)? for the SU(2) restoration at ¢ — 0 for h > 0, cf.
eq. (b-49).
In fact, this symmetry between the two SU(2) restorations at (¢ = 0,h > 0) and
(gzg = 0,h < 0) is an exact symmetry of the spectral curve of the 4D quiver theory. To
make it manifest, we rewrite the spectral curve (f.3€) as

1 1
<z + —> + e Lall/2 <x + - — QCosh(Lacp)> =0, 2 = —Z x —elLat)2, (6.53)
z T T

The coordinates x and z appear here in a similar way, and the curve is symmetric with
respect to simultaneous exchanges of

8
7
S
1
|
T

, Q= P (6.54)

where ¢ is exactly as in eq. (B.51)).
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In light of this symmetry, we deconstruct the 5D phase diagram of our present model
— or rather its Coulomb branch — as a single phase bounded by two separate SU(2)

restorations:
[ [
common Coulomb phase
strong coupling
2
f-
(6.55)

On this diagram, the 5D coupling has a vertical gradient, the higher the weaker, T — oo
as one goes up. In the opposite direction, the coupling becomes infinite (T = 0) in the
bottom corner h = ¢ = d; = 0, where we have a non-trivial superconformal theory instead
of a SYM. To identify the SCFT in question, we consider the degeneration of the spectral
curve in this region and notice that all four degeneration loci (b.41) pass through the
O(1/La) neighborhood of the (H = 0, = 0) point. Moreover, for H = 0 two of the four
singularities collide at cosh(Lay) = 0 creating a double singularity. (In Kodaira terms,
I + I — I,.) This singularity structure is characteristic of 4D compactification of the E;
SCFT in 5D, and so we identify the bottom corner of diagram (f.55) as the F; point. Also,
there is a baryonic branch here corresponding to the Higgs branch of the E;. Indeed, at
the I singularity at H = cosh(Lay) = 0 the spectral curve factorizes according to

v — yx@®+1) + 22 = (y—2) x(y—1) = 0, (6.56)

and we saw in §5 that such factorization indicates a baryonic branch with two p = 0 flavors.

Ideally, to prove that the 5D SCFT at h = ¢ = d; = 0 is indeed the F1, we would like
to see its enhanced “flavor” symmetry E7; = SU(2). Unfortunately, this symmetry does not
show up in 4D — presumably, its broken by the deconstruction — and instead, we have
to rely on less transparent signatures such as singularities of the spectral curve in 4D and
the Higgs branches.
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We conclude this section by comparing the phase diagram (p.55) of the deconstructed
ne =2, ny = 0, § = 0 model with a stringy implementation of the same 5D theory, . e. Dy.
Again, we use the type IIB 5-brane web construction. On the Coulomb branch of Dy,
regardless of h > 0 or h < 0, the web contains a rectangular box:

.;.“_.)._
. h , g
20 ::l?uussuu:uuuslz. 2% “|—h
20 z
e )
) -

(6.57)
The left web here is for A > 0 and the right web for h < 0, and the only difference between
them is which side of the box is longer; the topology is the same, and there is no flop
transition. For ¢ — 0 or (5 — 0 — whichever happens first — the box collapses to a
pair of coincident line segments (the dotted lines on the diagram (p.57), either web); the
strings between those coincident branes give rise to an SU(2) SYM with 5D gauge coupling
g2 o< /|1, A

For h =0 and ¢ = ¢ — 0, the box collapses to a point

FE, SCFT (6.58)

giving rise to the E; superconformal theory in 5D. This theory has an SU(2) = E; global
“flavor” symmetry, but it isn’t manifest in the brane-web picture. Likewise, the decon-
structed theory does not have an enhanced flavor symmetry at H = 0 at the 4D quiver
level. Presumably, in 5D the enhanced symmetry is limited to the marginal operators of
the SCF'T, but the irrelevant operators stemming from a UV completion — deconstructive
or stringy — break the symmetry.

Finally, the E; web (6.5§) can be reconnected as two intersecting whole branes (infinite
in all directions), and then the two branes can move away from each other (in a direction
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perpendicular to both):

—_— (6.59)

This is the Higgs branch which connects to the Coulomb branch at the E; point; it corre-
sponds to the exotic baryonic branch of the quiver theory.

To summarize, we have seen that the deconstructed Dy theory has exactly the same
phase structure as the Dy completed via string theory.

6.3 Models with flavor: n, =ny =2

In this section we explore two models with n; = 2, one model with AF' =1 and the other
with AF = 0. Each model has three non-dynamical parameters, namely h, mi, and ma,
but for simplicity we restrict our analysis to |mj| = |ma| where in 5D we expect U(2) flavor
symmetry for m # 0 and SO(4) for m = 0.

We begin with the AF' = 1 model with my = —m; =m > 0, or in 4D terms p1 23 =
(VemaM VeteM () where Re(M) = m, hence the spectral curve

Y —yx <x2 —2cosh(Lap)xx + 1) — e Ll s g x <x2 —2cosh(LaM)xx + 1) = 0. (6.60)

Note that for M # 0, the flavor symmetry of the quiver theory itself is U(1)? rather than
U(2), but the discrete C symmetry ([.25)—(E.27) of the spectral curve permutes the two
5D flavors and hence acts as a custodial symmetry: it assures that the low-derivative
operators in 5D are U(2)p invariant, although the higher-derivative operators do not have
this symmetry. Likewise, for M = 0 (or M = g—;) the quiver has flavor symmetry U(2),
but C acts as a custodial symmetry of the U(2) — SO(4) symmetry enhancement in the
5D continuum limit.

Along the Coulomb branch, the spectral curve (6.60) generally has four branching

points at
.%'174 = pi\/pQ—l, .%'273 = O'i\/O’Q—l (6.61)

where

p,o0 = cosh(Lap) — e Fal 4 o= Lal/2y \/2 cosh(LaM) + e~LeH — 2cosh(Lay) . (6.62)

The curve has four simple singularities (I; in Kodaira terms) at

L LaM L LaM
sinh? % = te Lell2ginp GT and cosh? % = e LaH/2 g 29T
(6.63)
where two of branching points coincide. For
cosh(Layp) = e toll = ¢FlaM (6.64)
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two of the singularities (p.63) merge into a double singularity, I; + I; — I5. In addition,
there is another double singularity at

2cosh(Lay) = 2cosh(LaM) + e LM, (6.65)

At all these double singularities the spectral curve factorizes:

for (p.69), (y - (3: - eiLaM) (3: - e+L“M)) X (y + efL“Hx) = 0,

for (-64), (y — z(z — M) x (y + (e7F*Mz — 1)) = 0.
According to §5, this indicates baryonic branches connected to the Coulomb branch at
these points, namely the ordinary baryonic branch By at (.65), and the exotic baryonic
branches Bijs and Bas at (0.64). (The subscripts of B here refer to the flavors of the

baryonic VEV.) In the decompactification limit La — oo, the locations of these baryonic

(6.66)

branches become

Bjs branch : ¢ = max(m, —h), (6.67)
Big branch: ¢ =0, h=m, (6.68)
Bgg branch: ¢ =m, h=—-m. (6.69)

Finally, for M = 0 or 7LT_2’ another pair of I; singularities (f.63) merges into an Iy at o = M,
but this time the spectral curve does not factorize all the way; instead, it has one branch
cut and one pole (same on both sheets). Consequently, at this point we have a mesonic
branch. Note that for h > 0 this branch is located very close to the Bys baryonic branch,
and in the 5D limit the two Higgs branches are rooted at the same place m = ¢ = 0. And
indeed, in classical SQCDs with n. = ny = 2, the mesons and the baryons are related by
the O(4) flavor symmetry; although in the quantum theory only SO(4) C O(4) is a true
symmetry while the discrete Zs = O(4)/SO(4) ‘isoparity’ is anomalous, the anomaly does
not affect the moduli space for h > 0. In 4D however, the anomaly is more powerful, and the
instanton effects separate the mesonic and the baryonic branches by A(Lag) = O(e~1eH).
In quiver terms, the instantons here are diagonal, i.e, one instanton in each SU(2), factor
of the [SU(2)]" gauge group, and that’s why the effect is so small for h > 0.

And now consider the Coulomb branch of the quiver. In the decompactification limit
La — oo, the branching points ([.61]) of the spectral curve form several distinct patterns
depending on ¢, h and m; as usual, this leads to different phases in 5D. Let us start with
the phase structure for m = 0:

* For h > 0, there is only one phase: for any ¢ > 0, the branching points are

= elow + gjelale=t)2 4y = ehaw 4 gjela3e=ID2 0 (6.70)

.%'172 )
their crossratio is y = I_é ela(H+3¢) "and hence in 5D
T = 2h + 60, (6.71)

in perfect agreement with the Seiberg formula (B.7) for ny = 2. For ¢ — 0, the
situation is more complicated and the spectral curve develops multiple singularities
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near Lap = 0, mi. Specifically, there is one Seiberg-Witten pair of simple (I7)
singularities at
(Lap — mi)? ~ +£2e Lol (6.72)

and another pair of double ([2) singularities at
Lap = 0, e 2H, (6.73)

The latter pair is also of Seiberg-Witten type but corresponds to N' = 2 SU(2) gauge
theory with two massless flavors rather than flavorless SYM as in eq. (6.79).1* Thus,
above the Seiberg-Witten scale (which is exponentially small for La — oo0) we have
SU(2) restoration for Lap = 0 and 7, and for Lay = 0 we also have two massless
quarks. In 5D terms, this means that for ¢ = 0 we have unbroken SU(2) gauge theory
with two massless flavors; in string constructions, this 5D theory is known as the Do
after its global symmetry.

For h = 0, the branching points of the spectral curve are as in eq. (6.7() as long as
¢ > 0, and hence the 5D coupling is as in eq. (6.7]). However, for ¢ — 0 we now have
T = 0, meaning infinitely strong g5 and hence a non-trivial superconformal theory in
5D. Since this SCFT obtains in the h = 0 limit of the Dy theory we expect it to be Ej3.
Unfortunately, we cannot directly verify the F3 = SU(3) x SU(2) global symmetry of
the SCFT because it applies only to the marginal and relevant operators of the 5D
theory, so instead we look at the singularities of the spectral curve. The curve of 5D
E3 SCFT compactified to 4D should have three singularities, of respective Kodaira
types I3, I, and I, and indeed the quiver’s curve (6.6() has such singularities for
H =M = 0: an I3 at cosh(Lap) = +1, an I at cosh(Lap) = 3, and an I; at
cosh(Lay) = —3, cf. eqs. (6.69) and (5.639).

* Finally, for h < 0, there are three distinct patterns of the branching points depending
on ¢: for ¢ > —h, the branching points are as in eq. (6.70) and 7' = 2h + 6¢; for
_Th < ¢ < —h, we have

z1 ~ —de Lol gy~ 1 La(H+2¢) ~ —4 e LalH+2¢)

~ T3 A _% e—l—LaH’

Ty =~

W~

(6.75)

with crossratio x = %BLG(QH'M“’) and hence T' = 4h + 8¢; and for 0 < ¢ < %h the
branching points are

1 ~ —4e Lol Ta3 ~ +1 £ %eL“(H‘LQ‘p)H, Ty A —%e‘LL“H, (6.76)

MFor Lag — 0, the spectral curve of the quiver theory may be approximated as
y? = (:8/2 - (Lcup)2)2 — de P g (6.74)
where 2’ = x — cosh(Lap) ~ = — 1 and ' = 2y — (x — ") (x — e7L*¥). This curve looks exactly

like the A/ = 2 Seiberg-Witten curve of SU(2) gauge theory with two massless flavors, where the role of
tr((adjoint scalar)?) is played by (Lap)? and the role of A3y by e LeH.
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with crossratio y = eTFe(1+20)/2 « 1 and hence T = —h — 2¢. Altogether,

2h+6¢ for ¢ > —h,
for h<0, T(¢) =< 4h+8¢p for < ¢ < —h, (6.77)
—h—2¢ for ¢ < %h

The following diagram summarizes the various regimes of the Ds theory for m = 0:

(6.78)

E; SCFT

The solid circle on the red line here (for A < 0) indicate a double flop transition at ¢ = —h.
Two quarks become massless at this point and that’s where the By baryonic branch lives
for h < 0. Indeed according to eq. (p.67), the ordinary baryonic branch moves from its
classically expected location at ¢ = 0 (for m = 0) to ¢ = —h.

The physical meaning of the open red circles at ¢ = =2 and ¢ = 0 is moot because the
whole dotted segment of the red line is unphysical. From the 4D, N = 2 point of view, for
0<op< _Th the scalar superpartner A of the massless abelian vector decouples from the ¢
modulus. Indeed, for the x; 234 branching points as in eq. (6.74), eq. (b.49) yields

dA  —La(H +2¢)  ira(1+20)2

~ 1. .
i - < (6.79)

To eliminate this unphysical range we change variables from ¢ to ¢ according to eq. (6.5]).
In terms of the ¢, its real part gb is non-negative, and in the qS — 0 limit we have T' =0
and hence a non-trivial SCFT in 5D. Also in terms of ¢, the O(1/La) neighborhood of
¢ = 0 contains three singularities (6.63) of the spectral curve, namely an I singularity
at cosh(Lap) ~ 0 (note M = 0), and a pair of I; singularities at cosh(Lap) ~ +2. This
singularity structure in 4D indicates the 5D SCFT at ngb = 01is Fy. And to confirm this
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identification, we note that there is a Higgs branch growing out of the superconformal point

<§ = 0, namely the mesonic branch of the quiver theory.

Altogether, we deconstruct the following Coulomb phase diagram of the SU(2) theory

with ny =2, AF =1, and my

double flop

2 massless quarks

E; SCFT

:m2=0:

Dy Coulomb phase

UnLphysica] region

h <0

As for the Higgs branches, they are rooted along the Dy origin, £y SCFT, and double flop

lines according to

Bjs baryonic

Dy origin

h>0,¢=0

mesonic

E?,SCFT/A

mesonic

A\

SCFT

h<0,¢=—

— 54 —

h >0
\Dg origin -/

(6.80)

Bis baryonic

260 (2002 )E0daHC

double flop
h<0,¢=—h/2
(6.81)



and also at the £3 SCFT point according to

B2 baryonic mesonic mixed with B3 + Bas baryonic

E3 SCFT, h=¢ =0

(6.82)
The mixed branch at the E5 point has hypermultiplet dimension = 2 (real dimension = 8);
all other Higgs branches have hypermultiplet dimension = 1 (real dimension = 4).
And now consider the quiver theory for m > 0. Again, we look at patterns of the
branching points (6.61)) for different values of ¢ and h.

e For h > m there are two patterns: for ¢ > m the roots are as in eq. (6.70) and hence
T = 2h + 6¢, while for 0 < ¢ < m

T1o9 = eLatp :t 2€La(H_M)/2, T34 = e—LaLp :t 26La(H—M—4g0)/27 (6.83)

the crossratio is y = 1—166L“(499+H_M), and T = 2h — 2m + 8¢. Altogether,

T_{2h+6d> for ¢ > m,

.84
2h — 2m + 8¢ for ¢ < m, (6:84)

in perfect agreement with the Seiberg formula for 5D SU(2) with massive flavors

T = 2h + 8¢ — Y max(¢, |myl). (6.85)
f

At ¢ = m, there is a double flop due to two quark flavors becoming massless at the
same time — note ¢1 = m1 = —m and ¢o = mo = +m. This point on the Coulomb
branch is the origin of the ordinary baryonic branch Bja, cf. eq. (p.67).
Finally, for ¢ = 0 we have SU(2) restoration in 5D. Indeed the singularities ((.6J) of
the spectral curve form two Seiberg-Witten pairs

(Lap)? = +2¢Laltii=M)/2 and (Lap — mi)? = 42 LaH=M)/2 (4 86)
separated by Wilson line = w. Note A%W = ¢~ La(H=M)/2 here indicates classical 4D
SU(2) coupling Sgifj = La(h —m) and hence 5D coupling T' = h — m. This agrees

4

with the ¢ — 0 limit of the abelian coupling: according to eq. (6.84), T(¢ = 0) =
2 x (h — m); the factor of 2 here is the Clebbsch of the U(1) C SU(2).
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* Another way to understand the ¢ < m regime — including ¢ — 0 — is via effective
SYM theory. Note that for ¢ < m the 5D quarks are massive and we may integrate
them out. The result is an effective SU(2) SYM with no flavors, 8 = 0 (cf. eq. (B-30)),
and inverse coupling h*f = h —m (cf. eq. (6:84) for ¢ < m). In terms of the spectral
curve, the integration out works by focusing on x being neither too large nor too
small, specifically e 1M « 2 < etF*M. in this regime, the curve (f.60) may be
approximated as

v — yx <x2 — 2cosh(Layp) x x + 1) 4+ e Lall=M) 22 — |, (6.87)

which looks exactly like the curve for n?ﬂ =0, AFf =2 and Hf = H — M. Asin
§6.2, this curve yields T' = 2h°f + 8¢ = 2(h — m) + 8¢ for ¢ > 0, and for ¢ — 0 and
R > 0 it has two pairs of Seiberg-Witten singularities indicating SU(2) restoration
in 5D.

e For h = m, the patterns or branching points are similar to the h > m regimes for
¢ >m, p=m,and 0 < ¢ < m, but for ¢ — 0 there is a difference: T — 0 at this
point, which indicates a superconformal theory in 5D. The nature of this SCFT is
clear from the effective theory — SYM with § = 0 — whose superconformal limit at
hef = h —m =0 and ¢ = 0 is E}, exactly as in §6.2. Moreover, the F; has a Higgs
branch growing out of the superconformal point, and the quiver theory does have a
Higgs branch at precisely this point, namely the exotic baryonic branch with flavors

1 and 3, cf. eq. (.69).

For —m < h < +m there are three regimes: for ¢ > m the branching points are as
in eq. (.70), for m—h < ¢ < m they are as in eq. (6.83), and for 0 < ¢ < mTfh we

have a new pattern, namely

Tro = +2etLa-H)/2 g = :Fle—La(M—H)/Q, (6.88)

\V)

with crossratio y = e¥M~=H) and hence T = 2(m — h), regardless of ¢ (as long as
o< ) Altogether,

2h + 60 for ¢ > m,
for —m<h<+m, T ={ 2h —2m + 8¢ form—h<¢<m (6.89)
2m — 2h for0<¢<m2h.

However, the third regime here is unphysical because the N' = 2 superpartner A of
the vector field decouples from ¢; indeed, for branching points as in (f.8§) we have

dA QSlnh Lacp dx E)
- 0.4
dp V(T —21)(x — 29)(x — 23) (T — 24)
eLaLp
~ 6.90
— (6.90)
~ L ela@etH-M2 1, (6.91)
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In terms of the effective theory, the decoupling happens for 2¢4h°f < 0, and it works
exactly as in §6.2. Similar to §6.2, at the edge of decoupling ¢ = —%heﬂ = mTfh there
is an unbroken SU(2) in 5D — which manifests in 4D via singularities (.63)) forming
two pairs of Seiberg-Witten points,

2

Lap = La + log(2) + {0or mi} + e FaM=H)/2 (6.92)

The proper modulus of SU(2) restoration is b=¢+ thm, or in 4D terms

oLat/2

/2 cosh(LaM)’

where the hyperbolic cosines indicate that variables ¢, M, and ¢ all live on half-

cosh(Lap) = cosh(Lap) x

(6.93)

cylinders.

Finally, at ¢ = m there is a double flop due to two quarks becoming massless at the
same time; the ordinary baryonic branch grows out of this point, cf. eq. (p.67).

For h = —m the intermediate range of ¢ disappears and there are only two regimes

of the branching points: (6.70) for ¢ > m and (f.89) for ¢ < m, thus

2h 4+ 6¢ for ¢ > m,

6.94
4m for 0 < ¢ < m. ( )

forh=-m, T = {
Again, the second regime here is unphysical because A decouples from ¢. However,
the regime boundary at ¢ = m is more complicated than for h > —m because now
SU(2) restoration happens at the same point where two quarks become massless. In
5D terms, this corresponds to an effective Dy theory with two m®T = 0 quarks. In
the continuum 5D limit this effective theory should have a global SO(4) symmetry,
but the 4D quiver theory itself is not SO(4) symmetric. Instead, we identify the
h=-m,¢=m (i.e., b= 0) point as an effective Dy origin via singularities of the
spectral curve and also via Higgs branches. Indeed, for H = —M the curve (p.60) of
our quiver theory has two double (I3) and two simple (I7) singularities near ¢ = 0

e
or 7., namely

first I at: cosh(Lagp) = ef*M 4+ %e*L“M —  (Lap)? ~ ie*‘lLaM’
second Iy at: cosh(Lay) = elaM S (La¢)2 ~ _e—ZLaM’
two I;’s at: cosh(Lay) = —el®™ +2 —  (Lap — mi)? ~ =+ de 1M
(6.95)

and this is precisely the singularity structure of Dy, cf. egs. (b.73)—(p.79). Moreover,
there are two distinct Higgs branches rooted at the double singularities near ¢ =
0, namely the ordinary baryonic branch Bjs rooted at the first I (c¢f. eq. (6.69)
for e~FaH —= etLaM) and the exotic baryonic branch Baz rooted at the second Io
(¢f. eq. (6.64)). In terms of the effective Dy theory, one of these Higgs branches
corresponds to the mesonic branch and the other to the baryonic branch. Altogether,
the 4D singularities and the Higgs branches confirm our identification of the ¢ = —h =

m point as the Dy theory in 5D.
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e Finally, for h < —m we have three regimes: for ¢ > —h, the branching points of the

spectral curve are as in eq. (6.70]); for mTfh < ¢ < —h we have a new pattern

T ~ —4 efLaH, Ty ~ _ieLa(H*f*le), T3 ~ —4 e*La(H*f*le), Ty A _%eJrLaH’
(6.96)
with crossratio x = %eL“(QH +4¢). and for 0 < ¢ < mTfh the branching points are
T A~ _467LaH’ Ty & _eLaM’ T3 A _efLaM’ Ty A _% e+LaH’
(6.97)
with crossratio y = e?F*M regardless of . Altogether, this gives us
2h +6¢ for ¢ > —h,
forh<—m, T = { 4h+8¢ for 5t < ¢ < —h, (6.98)

—h
4m for 0 < ¢ < =57

Note that the third regime here is unphysical because for branching points (6.97)

A e 30
dy - \/T1 To -
o Lelal=M+20)/2 1, (6.99)

In other words, the proper 5D modulus is not ¢ > 0 but (]3 =¢— mT_h > 0. Moreover,
at the endpoint ¢ = 0 there is unbroken SU(2) in 5D as evidenced by singulari-
ties (p.63) of the spectral curve forming two Seiberg-Witten pairs

2
(Lag)? or (Lap — i) =

Lay = La + log(2) + {0 or mi} + e LeM

6.100
49 672LaM. ( )

Finally, at ¢ = —h — which corresponds to ¢ = 7h27 ™ > (0 — there is a double flop

transition due to two quark flavors becoming massless. As usual, such double flop is

root of the ordinary baryonic branch Bis, cf. eq. (6.67) for h < —m.
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All these regimes of our model are summarized on the following diagram:

(6.101)

SU(2)

2 quarks £

E; SCET

The colored lines here plot T'(¢) for several fixed values of h (different colors for different
h); the solid lines correspond to physical 5D regimes, and the dotted lines to unphysical
regimes for ¢ < mT_h where ¢ decouples from the low-energy degrees of freedom. Note the
blue, cyan, and green lines are bent at ¢ = m: the slope dT'/d¢ is 6 for ¢ > m and 8 for
¢ < m. Likewise, the red line is bend at ¢ = —h; the slope is 6 for ¢ > —h and 8 for
¢ < —h. In terms of the Seiberg formula (6.4), slope = 6 corresponds to Coulomb branch
of the Dy theory, while slope = 8 corresponds to Coulomb branch of an effective SYM
theory. Thus, we deconstruct the following Coulomb phase diagram of the SU(2) theory

— 59 —



with ny =2, AF =1, and fixed my = —my = m > 0:

double flop

2 massless quarks f

SUR2) (6.102)

Dy Coulomb phase

double flop
2 massless quarks

unphysical region

h <0

>h >0

SU(2) poscrr sue)A

The effective SYM for h > —m and ¢ < m is Dg: it has § = 0 in 5D, and in 4D the
effective curve (B-87) has AFf = 0. The other effective SYM for h < —m and ¢ < —h
is also Dy, and in fact at the spectral curve level, there is a symmetry between the two
Dy phases. To make this symmetry manifest, we change the y variable in eq. (.6() to

7= —vy/(x — e ) and then rewrite the spectral curve as

7 x (z — e—LaM) + g x (x2 — 2cosh(Lap) x z + 1) — e~ LaH o 1 (@ — e+LaM) — 0,
(6.103)
or equivalently

xy(x+7) — (e‘L“H x 2 + e LM 52 1 9cosh(Lay) x zy) + (eLa(M—H) X T+ y> = 0.

(6.104)
The resulting equation is invariant under
T — §x eLa(M—H)/27 § — xx eLa(M—H)/27
H — M4 M — MH (6.105)

cosh(Lap) — cosh(Lay) x eletH=M)/2

and this symmetry indeed interchanges the two effective Dg phases on the Coulomb phase
diagram (5.102). Note however that this is not a symmetry of the quiver theory itself but
only of its spectral curve.

As for the Higgs branches of the deconstructed SU(2) theory with ny = 2, AF =1,
and me = —my1 = m > 0, there is the ordinary baryonic branch Bis rooted along the
double-flop line ¢ = max(m, —h), and two exotic baryonic branches: B3 rooted at the E;
SCFET point h = +m, ¢ = 0 and Bsg rooted at the Dy point ¢ = —h = m. There are no
mesonic or mixed Higgs branches for m # 0.

And now we move on to another example of deconstructed SQCD; with
Ne =Ny = 2. This time, we take AF = 0 rather than 1, and impose a different constraint
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on the quark masses, namely m; = mo = m, or in 4D terms pu; = puo = VeaM.15 This
choice gives us a quiver with manifest U(2) flavor symmetry. On the other hand, flavor
symmetry enhancement U(2) — SO(4) in 5D for M = 0 is not protected by the discrete
custodial symmetry C ([£.25)-([£.29) because AF # 1 breaks C.

The spectral curve of the AF = 0 quiver is

- S\ 2
7 — §x (7 — 2cosh(Lag) x & + 1) + e L5 x (;c - eLaM> =0  (6.106)

where S = H 4+ M (cf. eq. (E23)) and Re H > Re M (cf. eq. (E53)). Consequently, for
m = Re M > 0 we expect no phase transitions (except for a double flop at b= m), but for
m < 0 there should be distinct phases for h = Re H > —m and for m < h < —m.

The curve (f.106)) factorizes for ¢ = + M where the quiver has a mesonic Higgs branch,
and also for

cosh(Lap) = eLaM 2aM | o=La(H+M) _ 1, (6.107)

)

where the quiver has a baryonic Higgs branch Bys. This is the only baryonic branch for
this quiver: because of AF = 0 there are no exotic branches. In fact, there are no Higgs
branches other than the mesonic and the (ordinary) baryonic branches; in the 5D limit
La — oo they are located at:

mesonic: ¢ = |m|,
_ - (6.108)
baryonic: ¢=0, h>0, m=0orm=—h.

We may analyze the Coulomb branch of the present quiver in the usual way, by studying
the branching points of the curve (6.106), but there is an easier way. The curve (5.106)
happens to be dual to the curve (B.60) of the previous model:

Y’ — yx (x2—2cosh(La<p) xx—i—l) — e el g x <ﬂ:2—2008h(LaM) xx—i—l) =0

!

7 — g x (;E2 — 2cosh(Lag) x & + 1) — o—LaS (j B eLaM)Q _ 0

(6.109.a)
for
~ _ yte bally 7 = -4 __eflbell/2
Y 2cosh(LaM) ° z \/2cosh(LaM)’
—LaS’ . e+LaH LaM __ e—LaH/Q m
€ — 2cosh(LaM) > ¢ ~ \/2cosh(LaM)’ (b)

- o eLaH/Q ]
cosh(Lap) = cosh(Layp) x Wik cf. eq. (6.93).

Physically, the two n. = ny = 2 quiver theories are not dual to each other; they are not
even in the same universality class. Indeed, the Higgs branches of the two theories are not

5For this model, we put tildes on all the variables: M, H, @, etc., etc. Such notations help discuss
duality () betwen spectral curves of this model and the previous model with AF = 1. The tildes make
clear which variable belongs to which model.
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quite dual to each other:

ne=mns =2, AF =1 quiver «— n. =ny =2, AF =0 quiver, (6.110)
B baryonic branch «+— mesonic branch,
B3 and Bag baryonic branches «— baryonic branch(es),

mesonic branch «— nothing.'6

However, their spectral curves are dual, and we may use this duality to obtain the Coulomb
phase diagram of our second n. = n; = 2 example without too much work.
In the 5D limit La — oo, the duality map (p.109) becomes

- 3m| —h - —|lm|—h ~ h — |m|

h=—7F— m=——-" ol = l¢l + ——
Note that according to this map, there is a lower limit h > m; remarkably, this limit agrees
with eq. (fE5J) which follows from very different physics, namely quantum corrections
V = v+---in a quiver without ¢ = 0 quarks. This agreement indicates that the map (f.111))
covers all physical Coulomb phases of the two theories (even though it misses some of the
Higgs phases). Consequently, applying this map to diagrams (p.80) and (6.103) of the
AF = 1 model, we arrive at the following Coulomb phase diagram of deconstructed
SQCDs with n, =ny = 2, AF =0, and my = mg = m:

| D), origin

(6.111)

A >

D, Co'ulomb double
: flop

m

double
flop

Bl SCFT

E| SCFT

(6.112)

E1 SCFT SU2)

16The spectral curve () of the AF =1 quiver has an I, singularity at the mesonic root ¢ = M =0,
and the duality maps it onto a similar I singularity of the AF = 0 quiver’s spectral curve at cosh(Lap) =
%e_LaM = 2¢~LH  However, despite this singularity, the curve () does not factorize. Also, at this

point, the link resolvent T'(X) of the AF = 0 quiver has no poles at the physical sheet; instead, there is a
pole on the unphysical sheet with residue = 2. Anyhow, there is no Higgs branch at this point.
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This diagram shows 3D parameter/moduli space spanned by m, h, and ¢. There are two

unphysical regions — h < m and 2¢ + h + m < 0 — and three distinct physical regions

sepa

rated by double flop transitions at ¢ = |r|:

i) The Dy Coulomb phase for ¢ > || where T = 2h + 6¢.

if)

iii)

theo

The effective Dy (SYM) Coulomb phase for 7 < 0 and ¢ < || where T' = 2k 4+ 84,
In quiver terms, in this phase the quark bare mass ji = Ve® is effectively ji = 0,

hence n?ﬂ =0 but AFf = 2, and everything works as in §6.2. In particular, there is

SU(2) restoration for ¢ = 0 and hef = B*'Tm > 0, and also for h°f < 0 and ¢ = —heT /2
(this is dual to ¢ = 0). And for 2T =0 and ¢ = 0 we have E; SCFT.

The Djy Coulomb phase for m > 0 and ¢ < . This is another effective SYM

Coulomb phase with T' = 2h°f + 84 and SU(2) restoration for ¢ = 0. However, this
peff — h—m
2

so large the quarks effectively decouple, hence n‘}ﬁ = AF°f = 0; this effective theory
works as in [0]. In particular, for A°f = 0 and ¢ = 0 there is a 5D SCFT.

time is always nonnegative. In quiver terms, in this phase ji = Ve®™ is

We call this superconformal theory E/ because its spectral curve is dual to the curve
of the F1; in particular, there are two I singularities and one I5. However, there are
major differences between the two SCFTs: the F{ does not have a Higgs branch, and
its Coulomb branch is limited to AT > 0. In M theory, the E; SCFT arises from
a Calabi-Yau with a C3/Z, orbifold singularity. Note that such singular points are
not isolated but lie on lines of milder A; singularity (C?/Zs), and the line cannot be
blown up without also blowing up the point. This is unlike £ which arises from an
isolated singular point, namely conifold /Z,.

The three Coulomb phases come together at (]3 =m =0, h > 0, where we have a Dy
ry at its origin — unbroken SU(2) and two massless quarks at the same time. Likewise,

there is unbroken SU(2) and two massless quarks along the ¢ = —h = —m > 0 line, which

we C

all the ‘D), origin’. From the spectral curve’s point of view, the Dy and the D) origins

have similar singularity structures 215 + 2I;. But beyond the spectral curve level, the two

origins are different. In particular, there are three Coulomb phases near the D5 origin but

only

two Coulomb phases — the Dy and the Dy — near the Dj origin; the D{j Coulomb

phase is cut off by the deconstruction limit » > . Likewise, two Higgs branches — one

mesonic and one baryonic — have roots at the Dy origin, but the D origin has only the

mesonic Higgs branch.
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Indeed, here is the diagram of the Higgs phases (6.108) of the AF = 0 theory:

mesonic mesonic baryonic mesonic missing
double flop D5 origin D), origin
¢ = +im d=m=0,h>0 b=—m=-h>0
baryonic missing mesonic ~ baryonic, unmixed
‘ ﬂ N
Ey SCET E} SCFT E! SCFT

p=0, h=—-m>06=0 h=+m>0 ¢=m=h=0

where “missing” branches do not exist for AF = 0 but their roots are dual to roots
of mesonic branches of the AF = 1 theory. And the dashed lines making an empty
wide cone around the last Higgs branch here indicate that the branch has hypermultiplet
dimension = 1 — like all the other Higgs branches of the AF = 0 theory — but in the
dual AF = 1 theory there is a Higgs branch of dimension = 2, ¢f. diagram (.83).

The central point <£ = 1m = h = 0 of the Coulomb phase diagram (p.119) — where
the last pair of Higgs branches (B.113) are rooted — is dual to the E5 SCFT point of the
AF =1 theory. For AF = 0 this point is also superconformal; we call this SCFT Ej
because of the duality, and also because it is similar to E3 SCFT in many ways: (1) the Ej
obtains in the & — 0 limit of Ds; (2) its spectral curve in 4D has Is + Iy + I singularities;
(3) it has two distinct Higgs branches. However, the dimensions of the Higgs branches are
different: 141 (in hypermultiplet units) for the E} versus 1+2 for the Es. In M theory, the
E3 and the Ef5 SCFTs are realized on Calabi-Yaus with different singularity types. There
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respective toric diagrams are:

(6.114)

Note the lower edge of the EY diagram has a middle point: this indicates that the singularity
is not an isolated point but a more-singular point on a less-singular line, and the line cannot
be blown up without blowing up the point at the same time.

In type IIB string theory, the brane webs for the E3 and the Ef are as follows: for the
SCFT points themselves

Es B
(6.115)
for the respective Coulomb branches (m = h =0 but ¢ > 0 or m = h =0 but ¢ > 0)

(6.116)
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for the baryonic Higgs branches

Es B
(6.117)
for the mixed / mesonic Higgs branches
Es £
(6.118)

Note the web for the mixed branch of E3 has three disconnected lines: this corresponds
to hypermultiplet dimension = 2. In comparison, the webs for baryonic branches of both
SCFTs and also for the mesonic branch of E% have only two disconnected pieces each: this
corresponds to dimension = 1.

And of course there are many more webs for non-conformal values of the Coulomb
parameters m # 0 and/or h # 0 (or 7 # 0 and/or h # 0). In fact, there too many webs, so
we don’t diagram them here. Instead, let us simply state the main result: The brane webs
for the F5 and its resolutions and deformations have precisely the same physical phases —
both Coulomb and Higgs — as the deconstructed SQCDs5 with n. = ny; =2 and AF =1.
Likewise, the webs for the Ef and its resolutions and deformations have precisely the same
physical phases as the deconstructed SQCDs with n, = ny=2 and AF = 0. And in both
cases, the webs corresponding to the unphysical phases cannot be built. In other words,
in both cases, the brane webs in string theory are in perfect agreement with the
dimensional deconstruction.
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7. Deconstruction/string universality

In the last section we saw four examples of non-perturbative phase diagrams, and in all four
cases dimensional deconstruction and type IIB brane web implementation of the same 5D
theory yielded identical diagrams (except for the non-geometric phases or unphysical re-
gions of the moduli/parameter space). In this section, we shall see that such deconstruction
/ string universality is general and holds for any n., ny, and k. Specifically, deconstructive
and brane-web completions of the same SQCDj5 are in the same universality class and have
similar moduli/parameter spaces and similar prepotentials F(¢1, ..., ¢ ;h;my,... ,mnf).
However, the two completions are not dual to each other and become dissimilar outside
the zero-energy limit. This is similar to the universality between the 4D SQCD and the
MQCD PRG—PgJ: they are not dual to each other but are in the same universality class and
have similar holomorphic properties.

In fact, the 5D universality between deconstruction and brane webs is based on the 4D
universality between SQCD and MQCD, or rather its generalization to more complicated
4D theories. Specifically, we start a deconstructed SQCDj, treat it as a 4D [SU(n.)]” quiver
theory, and take its M-theory counterpart: an M5 brane spanning the 4D Minkowski space
and the quiver’s spectral curve (4.21)). We are going to take the large L limit of this
correspondence, so instead of identifying the x and y coordinates of the spectral curve with
some of the 7 extra dimensions of the M theory, we embed them in a non-linear manner
based on egs. ([.30), namely
X5 +iXx? X0 4ix1
—c and y = exp(Laxn), n = —c

(7.1)
where C' is a constant parameter, to be determined later in this section. Consequently, the

r = exp(Lax§), &=

induced metric on the M5 brane itself is

- B C? dz dz dy dy
ds®> = dXQ1p3 + C? (d€d¢ + didn) = dXGp5 + L) ( PE + WE ) (7.2)

where z and y are related according to eq. ({.21)).
We claim that the La — oo limit of this M5 brane is dual to a 5D brane web, and more-

over this web implements the very SQCDs we have started from. Combining this duality
with the generalized SQCD/MQCD duality in 4D, we arrive at the following diagram:

Qeconstructed SQC]D
)

Universality

Y

(M Theory of the Quiver, La — oo) (7.3)
)

Duality

]
(Brane—web Engineered SQCD5>
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And since duality implies universality (but not the other way around), we find that the
dimensional deconstruction and the brane-web engineering of the same SQCDj5 are in the
same universality class.

To prove the duality part of the diagram ([7.3) we will show the following:

i) For La — oo, the spectral curve of the quiver becomes a union of linear segments «§ —
0On = const with integer o and 3. The joints between the segments are infinitesimal
but have d-like curvature, which allows different («, 3) for different segments.

ii) The coordinates X? = CIm¢ and X'° = C Imn are periodic. Together they form a
T? torus, and M theory on this torus is dual to the type IIB string theory on a circle
S1. Under this duality, the M5 brane’s part spanning an aé — 81 = const piece of the
spectral curve (times the R*! Minkowski space) becomes the (p = a, ¢ = 3) 5-brane
spanning R3! x S! x a real line segment aX® — 3X% = const. And the M5 spanning
the whole spectral curve is dual to a (p,q) brane web made of such segments.

iii) This brane web turns out to be precisely the web implementing the SQCDj5; with
appropriate n., ns, and ke. (Except that one of the 5 dimensions is compactified
on the S'.) In particular, for positive enough coupling h, the web forms a ladder
with n. parallel rungs; this implements the SQCD Coulomb phase of the 5D theory.
For negative or low enough h, the web flips to a different topology, and this happens
precisely when the deconstructed theory has a phase transition.

iv) Finally, comparing the semiclassical gauge boson masses in the M theory and in the
deconstructed SQCDj yields C' = \/La/2nts where t3 is the M2 brane tension. This
gives us the area of the T2 torus in the M theory and hence the radius of the S circle
in the dual string theory [Bf|. That radius turns out to be R = La/2m — which is
precisely the radius of the deconstructed dimension. Hence, in the decompactification
limit of the deconstructed theory, the brane web also decompactifies to 5D.

So let us start with part (i) of our argument. Consider the spectral curve (£.21]) as a
quadratic equation for the y(z) and let us take the La — oo limit for fixed £ and 7. Similar
to eqs. ({.39)-({.44), the polynomials p(z) and b(x) become in this limit

D (:U = eL“§> — Fexp

La x ZC max (&, go)] (7.4)

i=1
as long as Re& # any of the ¢;,

ny
b (ac = eLa§> — dexp [Lax | AF x§ + Zmax(f,mf) (7.5)
F=1
as long as Re{ # any of the Remy .

(By abuse of notations, here max of two complex numbers denotes the number with the
larger real part.) As in eq. ([39), for almost all & either p?(z) > e L2b(z) or else
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p*(z) < e 19b(z). In the first case of p?(z) > e £49b(x), eq. ([£21)) for the y(x) has two
very different solutions, namely

—LaS
yi(z) = p(z), y2(z) = eTxb)(x)’ vy > Yo (7.6)
In terms of n(§), these solutions translate to
771(5) - Zmax(§7 90)7 (77)
i=1

Ne ny
() = =S = Y max(¢,9) + AF x ¢ + Y max(é,my), (7.8)

i=1 f=1

where both 71 and 7o are piecewise-linear functions of ¢ with integer-valued derivatives
(i.e., for each piece dn/d€ is a constant integer, but its value jumps from piece to piece).
And in the second case of p?(x) < e F%b(x), the two solutions of eq. ({:21) become

Jio(x) = +ie L9S52/b(x), (7.9)
or in terms of ¢ and 7,
) S | AF 1 mi
maf) = -5 + - x&+ §;maX($,mf) + 5 (7.10)

Again, 7 2 are piecewise-linear functions of £, and for each piece the derivative dn; o/d§ is
integer or half-integer. Consequently, the whole spectral curve consists of a bunch of linear
pieces, and each piece is rational, i.e. satisfies a& — Bn = const for some integers o and (3.

Actually, eqs. (I.1)—(F.§) and (F.10) miss some of the pieces of the spectral curve,
but the missing pieces are also linear and rational. These missing pieces are located at
& = ¢; or £ = my where the limits ([.4)-(F.§) do not work. Instead, for £ in a O(1/La)
neighborhood of a modulus ¢;, the value of the p(x) polynomial can be anywhere between
zero and the right hand side of eq. ([-4); likewise, for ¢ in a O(1/La) neighborhood of
a mass my, the value of b(x) can be anywhere between zero and the right hand side of
eq. (I-3). Consequently, in the decompactification limit, a fixed value of ¢ which happens
to coincide with a modulus ¢; or a mass my agrees with a wide range of values of n.\7
Thus, the spectral curve has several £ = const pieces — which are linear and rational with
(a,8) = (1,0).

Altogether, the decompactification limit of the spectral curve (l.2) of the quiver is
a union of segments of rational straight lines a& — Bn = const. For large but finite La,
the joints between adjacent segments have small but finite sizes of the order O(1/La).
Such joints are strongly curved — curvature = O(La) — which allows for finite differences

17Specifically, for € = ¢;, n can be anywhere between 71 (¢;) and n2(g;:), or rather Remi(p;) > Ren >
Remnz(p;). Likewise, for & = my, n may vary from n2(my) or 72(my) (whichever applies) all the way to
—o0.
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between directions «/( of segments they connect. For La — oo, the joints’ sizes become
infinitesimal while the curvature becomes d-like. This completes part (i) of our proof.

Next, consider the spectral curve (f.2]) as a Riemann surface. This surface is a double
cover of the complex x sphere, or in other words x spans C*, twice. The map x = exp(Lax§)
takes out the x = 0 and x = oo points, which turns the x sphere into a complex cylinder:
Re ¢ is single valued and spans the real line R while Im¢ is periodic modulo (27/La).
Likewise, the map y = exp(La x 1) turns the y sphere into a cylinder: Re is single valued
and spans R while Im 7 is periodic modulo (27r/La). In terms of egs. ([.1]), this means that
(X5, X°) span an infinite plain R? while (X?, X'9) span a torus T2 of area A = (2nC/La)?.

M theory compactified on this torus is dual to the type IIB string theory'® compactified
on a circle S whose radius is inversely proportional to the torus’s area,

ﬁ = t3 X Area[Tz] = t3 X (27rC’/La)2, (7.12)

where t3 is the membrane (M2) tension in M theory. Under this duality, an M5 brane
which wraps one circle of the 72 is dual to a (p,q) 5-brane which wraps the S* circle. The
Neveu-Schwarz-Ramond charges (p, q) of this dual 5-brane depend on a particular circle of
the T? wrapped by the M5: for a circle aX? — 3X'0 = const with integer o and 3, the
Ramond charge p = o and the Neveu-Schwarz charge ¢ = .

According to eqs. (F.1]), a linear piece a& — 3n = const of the spectral curve is the
direct product of a real line segment aX® — 3X% = const in the X6 plane, times a circle
aX? — B3X'0 = const in the T2 torus. Hence, the M5 brane spanning this piece (times the
4D Minkowski space R31) is dual to the (p = a, ¢ = 3) 5-brane which spans R3! x S x the
real line segment aX® — X% = const. And the M5 brane spanning the entire spectral
curve of the quiver theory is dual to the (p,q) brane web made of such segments. This
completes part (ii) of our proof.

Now consider the web’s geometry for different phases of the deconstructed 5D theory.
Let us start with the ordinary SQCDs phase where branching points of the 4D spectral
curve over the = plane form n very close pairs (.35)-(.3q). This pattern requires Re S =
h+ 13" m; large enough to assure that p?(z) > e~ La5p(z) for all x = e% (except when &
equals one of the ;). Consequently, the spectral curve follows eqgs. ([.6) rather than ([.9)
for all x, or in terms of £ and 7, it comprises complex lines 7;(£) and 72(§) according to
egs. ([7])—(.§) for all £&. And there are also & = const complex lines for £ = ¢; and £ = my.

—2P

8The string coupling 75 = ie + axion follows from the shape of the torus; in our case it has two L

periods of equal length, hence 75 = 7. We may choose a different 75 by modifying eqgs. (@) according to
X% 44X = €+ axi0n><77)><C’e+q>7 X0 44ix10 = nXC’e_q)A (7.11)

However, in brane-web engineering the actual value of the 75 is not important, and so we stick with egs. (EI)
as they are and hence 75 = 3.
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The brane web dual to this curve spans the real parts of all these complex lines, thus:

Re
n=na(€) | = 7= me)
] §=¥n.—1 i}
a' o’ ,*/
/': §:¢2..- //,: >Ren
/ £ =1 /
7m0 |7=m©) (7.13)

As promised, this web looks like a ladder with n. horizontal rungs (blue lines for £ = ;)
between two multiply-bent sides (red lines for n = n1(§) and n = 12(£)), but there also
are ny semi-infinite horizontal branes attached to the left side of the ladder (green lines
for £ =my). In 5D (after eventual decompactification of the S ! circle), this web obviously
gives rise to the Coulomb phase of an SQCDs5 with n. colors and n ¢ flavors.'® The Chern-
Simons level of this SQCDj5 is less obvious, but it is related to the asymmetry between the
top and the bottom ends of the ladder: At the top of the ladder (Re{ — +00), its two
sides separate from each other at the rate
dm dnpp

ratetop = [— -

T ]Rewoo

while at the bottom of the ladder they separate at a different rate

= (nc) — (ny + AF —n,), (7.14)

~|dn2 dm
rate pottom = e T T 7&

d£ d£ :| Re&——o0

The Chern-Simons level is one half of the difference between these rates,

= (AF) — (0). (7.15)

kes = %{ra‘cetop — ratebottom} = ne — %nf — AF; (7.16)

note that it comes out exactly as in dimensional deconstruction, cf. eq. () Thus,
the web ([.13) indeed gives rise to the same SQCDj as the deconstructed theory we have
started from, at least in the ordinary SQCDs; Coulomb phase.

In terms of the web (7.13), lowering the h parameter of the 5D theory makes the left
side of the ladder move right, cf. eq. (7.§). Eventually, for some critical h = h,, the left
side collides with the right side, and then the web switches to a different configuration.
The details of this transition depend on whether the two sides of the ladder collide at a

YTndeed, strings between the ‘blue’ branes produce vector multiplets in the adjoint of U(ne) (sponta-
neously broken to U(1)"¢ by distances ¢; — ¢; between the branes), with the overall U(1) frozen due to
interactions with the ‘red’ branes (the sides of the ladder). Likewise, strings between the ‘green’ branes try
to produce SU(ny) gauge fields, but they decouple because the ‘green’ branes are infinitely long; hence, the
SU(ny) symmetry is flavor rather than gauge. Finally, n. X ny quark hypermultiplets arise from strings
connecting the blue and the green branes to each other.
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single point or over some length of parallel segments. For a point collision, the web has a
flop transition:

(7.17)

(note that this picture shows only a part of the web). For a parallel-line collision, we have
a more complicated picture:

h > he h = he h < he

¢i+1"" .................................. PSP

¢i' ......

(7.18)

(again, only a part of the web is shown). This time, the web does not change topology for
h < he; instead, the two coincident segments (colored brown in the above picture) are no
longer bounded by ¢; < Re& < ¢;4+1 but become longer and longer with decreasing h.

From the spectral curve’s point of view, the brown segments of the webs (7.17)
and (T.1§) for h < h, correspond to n(¢) following egs. (.10) instead of eqs. (F.7)-([7.9).
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Pictorially, we have

Reé

(7.19)
for the right web (7.17), and
Reé
‘ 772(5)\ /m(&)
Gig b ,:.-.° ........... SR
(7.20)

771(f)§ ,2(§) 5772(5)

P A | . -
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for the right web ([7.1§); in both figures, the dotted red lines plot eqs. (7.7)—(F.§) in the
range of Re £ where those equations do not apply. Indeed, the La — oo limit of the spectral
curve follows egs. ([24)-([-§) only when p?(x) > e L%b(z); in terms of eqs. ([27)-([3)
themselves, this corresponds to Ren;(§) > Reng(§). But for h < he, there is a range of
Re¢ for which Ren(€) < Rena(€) — cf. the dotted red lines in figures ([.19)—(F-20) —
and in this range p?(r) < e L®b(x) and the spectral curve follows eqs. ([-10) instead of
egs. (T.7)—(-9). Note that the switchover is continuous because

The (p,q) 5-branes dual to the 7; 2(£) segments of the curve can be single as in fig-
ure ([(.19) or double (two coincident branes) as in figure ([.20). The factor deciding between
single or double branes is the derivative drj; 2/d¢, which is quantized in units of %: if it
is integer the brane is double, and if it is half-integer the brane is single. To see this,
consider the imaginary parts of the 7;(£) and 72(§) segments of the spectral curve. For
an integer dny o/d¢, the line (Im &, Tm#;(€)) on the torus T2 is a complete circle, and the
line (Im &, Im 72 (€)) is a separate complete circle; the two circles are parallel but separated
from each other by half-a-period in the Imn direction, cf. eq. ([(.21]). Together, the M5
branes wrapping these two circles are dual to two 5-branes with similar (p, ¢) charges, and
the positions of these two branes coincide because Re7;(£) = Rej2(£). On the other hand,
when dr o/d¢ is a half-integer, the lines (Im¢,Im7;(§)) and (Im¢, Im72(§)) on the torus
are two halves of the same circle. Consequently, the M5 brane wrapping this circle is dual
to a single (p, q) 5-brane.

In any case, the very existence of branes dual to 7; 2(£) instead of un-hatted 7y 2(§)
indicates that there is a range of ¢ for which p?(z) < e *b(z). By reasons of concavity
this range must include at least one modulus ¢;, and consequently some of the branching
points of the spectral curve over the = plane do not form close pairs ([L.35)—([.36). There-
fore, some of the deconstructed 5D gauge couplings deviate form eqgs. ([£.46)—(.47), which
means that the deconstructed theory is no longer in the ordinary SQCDs Coulomb phase.
Instead, we have a Coulomb phase of an exotic 5D theory such as the Ey Coulomb phase
of the Dy model of §6.1, or perhaps an unphysical phase such as in the Dy model of §6.2.

In general, distinct Coulomb phases of the deconstructed theory correspond to distinct
patterns of the spectral curve’s branching points 1, ..., x2,, . The duality translates these
branching points into specific features of the brane web: a rung of the ladder

| . /
/S

corresponds to a close pair

(7.22)

T2;—1,T2; = eL‘wi X (1 + e—LaAn) N (723)
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a joint where two sides of the ladder merge into a single brane dual to 7; 2(&)
&)

N\

or

N

&
(7.24)

corresponds to an un-paired branching point at z = eZ%; a joint involving a double brane

&

or

& (7.25)

corresponds to two branching points at & = +e’i; and finally, a joint hiding collapsed
cycles of the web such as

&
(7.26)
corresponds to K branching points
1, = el x 2Ky =19 K (7.27)
where . .
K = 2x #{hidden cycles} + {; EZ; . ijﬁe"%’ii%bﬁzs;‘ (7.28)

Although only the real parts of An or {; are visible in the brane web, this gives enough
information to identify the pattern of branching points — and hence the phase of the
deconstructed theory — and even to calculate the matrix of 5D abelian gauge couplings.
Thus, the phases of the deconstructed theory are in perfect correspondence with the phases
of the brane web, and the transition between those phase happen at exactly the same h..
This completes part (iii) of our proof.
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Finally, let us calculate the C parameter in eqgs. ([[.])). This parameter does not depend
on the moduli, quark masses, or gauge coupling of the 5D theory, so let us make all the ¢;
distinct to break SU(n.) — U(1)"~! and take the h — -+oco limit. This makes the quiver
theory weakly coupled and allows semiclassical analysis. Consequently, the universality
between the 4D gauge theory and the M theory on the M5 spanning the quiver’s spectral
curve should extend beyond the purely holomorphic data to other low-energy properties
such as masses of light particles. In particular, M theory should reproduce the semiclassical
mass M = |¢; — ¢;| of a non-abelian gauge boson Af]

In string theory on the brane web ([.13), this vector field arises from the string con-
necting appropriate rungs of the ladder,

Re = ¢,

Re& = ¢;

(7.29)

In M theory, this string is dual to M2 brane forming a cylinder: its long dimension is
X? = C x Re¢ and the circular dimension is X'° = C' x Im7. The mass of this tube is

2
M = t3x Area = t3 x Clé; — dj| x ;_ac (7.30)

where t3 is the membrane tension; equating this mass to the field-theoretical mass M =
|¢i — ¢4| of the vector field, we arrive at

La
C = HE' (7.31)

Given this value of C, eq. ([.1J) tells us that the string theory dual to M theory is
compactified on the circle S* of radius

1 La \? La
R = % X <%> = o (7.32)
— which is precisely the radius of the deconstructed dimension for finite L. And this
completes the last part (iv) of our proof.

To summarize, we have established that dimensional deconstruction and brane-web
engineering of the same SQCDs are always in the same universality class. And of course,
other string/M implementations of SQCDj5 are also in the same universality class because
they are dual to the brane-web engineering. Which means that the phase diagram and

other zero-energy features of a 5D gauge theory are inherent properties of the theory itself,
regardless of its UV completion.
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And this completes our analysis of quantum deconstruction. We showed how to use
dimensional deconstruction as a UV completion of a 5D SUSY gauge theory such as SQCDs.
We showed how to extract 5D quantum effects such as loop corrections to the prepotential
from the 4D loop and instantonic effects — which can be calculated exactly thanks to the
unbroken A/ = 1 SUSY in 4D. We showed how to deconstruct the 5D phase diagrams,
including the non-classical h < 0 phases. And at the end of the story, the dimensional
deconstruction turned out to be in the same universality class as the string-theoretical UV
completions of the same 5D theory.
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